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Simple Stresses and Strains

Expressions for stresses and strains is derived with the following assumptions:

1. For the range of forces applied the material is elastic ie. it can regain its original
shape andsize, if the applied force is removed.
2. Material is homogeneous ie. every particle of the material possesses identical
mechanical properties.
3. Material is isotropic ie. the material possesses identical mechanical property at any
point inany direction.
Presenting the typical stress-strain curve for a typical steel, the commonly referred
terms like limits of elasticity and proportionality, yield points, ultimate strength and strain
hardening are explained.

Linear elastic theory is developed to analyse different types of members subject to axial,
shear,thermal and hoop stresses.

MEANING OF STRESS

When a member is subjected to loads it develops resisting forces. To find the resisting forces
developed a section plane may be passed through the member and equilibrium of any one
part may be considered. Each part is in equilibrium under the action of applied forces and
internal resisting forces. The resisting forces may be conveniently split into normal and
parallel to the section plane. The resisting force parallel to the plane is called shearing
resistance. The intensity of resisting force normal to the sectional plane is called intensity of
Normal Stress (Ref. Fig.).

Resisting Force
Normal to Plane

A A p
\K\/’ Shearing 4
|7 Force T i q
Section
/ O ‘( Plane
< &J\
(a) Members (b) Internal Resistances (c)

Subject to Forces Developed

Fig.

In practice, intensity of stress is called as “stress” only. Mathematically
@R

Normal Stress = p = lim
BAB0 BA

_ 4R
= (1)

where R is normal resisting force.
The intensity of resisting force parallel to the sectional plane is called Shearing Stress (q).
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where Q is Shearing Resistance.

Thus, stress at any point may be defined as resistance developed per unit area. From equations
(1) and (2), it follows that

dR = pdA
or R = @ pdA ..(3a)
and Q=10 qdA ~(3b)

At any cross-section, stress developed may or may not be uniform. In a bar of uniform cross-
section subject to axial concentrated loads as shown in Fig. 2a, the stress is uniform at a

sectionaway from the applied loads (Fig. 2b); but there is variation of stress at the section near
the applied loads (Fig. 2¢).
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(b) Variation of Stresses Away from Ends
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(c) Variation of Stresses Near Ends
Fig. 2

Similarly stress near the hole or at fillets will not be uniform as shown in Figs. 3 and 4.

It is very common that at some points in such regions maximum stress will be as high as 2
to 4 times the average stresses.
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Fig. 3. Stresses in a Plate with a Hole Fig. 4

UNIT OF STRESS

When Newton is taken as unit of force and millimetre as unit of area, unit of stress will be
N/mm?. The other derived units used in practice are kN/mm?2, N/m?, kN/m? or MN/m2. A
stress ofone N/m?2 is known as Pascal and is represented by Pa.

Hence, 1 MPa =1 MN/m2 =1 x 10¢ N/(1000 mm)2 = 1 N/mm?.
Thus one Mega Pascal is equal to 1 N/mm?2. In most of the standard codes published unit of
stress has been used as Mega Pascal (MPa or N/mm?2).

AXIAL STRESS

Consider a bar subjected to force P as shown in Fig. 5. To maintain the equilibrium the end forces
applied must be the same, say P.
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(b) Resisting Force Developed

Fig. 5. Tensile Stresses

The resisting forces acting on a section are shown in Fig. 5b. Now since the stresses are
uniform
R=0pdAd=pB dA=pA -(4)
where A is the cross-sectional
area.

Considering the equilibrium of a cut piece of the bar, we get
P=R ..(5)
From equations (4) and (5), we get
P = pA

p=P/A

Thus, in case of axial load ‘P’ the stress developed is equal to the load per unit area. Under
this type of normal stresses the bar is being extended. Such stress which is causing extension of
thebar is called tensile stress.

A bar subjected to two equal forces pushing the bar is shown in Fig. 6. It causes
shortening of the bar. Such forces which are causing shortening, are known as compressive forces
and corresponding stresses as compressive stresses.

Axis of the Bar

(a) Bar Subjected to Compressive ForcesP

— R -

o
*

(b) Resisting Force Developed
Fig.6. Compressive Stresses

Now R = pdA = p dA (as stress is assumed
uniform)For equilibrium of the piece of the bar
P=R=pA
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P
or p = _as in equation 6

Thus, whether it is tensile or compressive, the stress developed in a bar subjected to axial
forces, is equal to load per unit area.
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STRAIN

No material is perfectly rigid. Under the action of forces a rubber undergoes changes in
shape and size. This phenomenon is very well known to all since in case of rubber, even for
small forces deformations are quite large. Actually all materials including steel, cast iron, brass,
concrete, etc. undergo similar deformation when loaded. But the deformations are very small
and hence we cannot see them with naked eye. There are instruments like extensometer,
electric strain gauges which can measure extension of magnitude 1/100th, 1/1000th of a
millimetre. There are machines like universal testing machines in which bars of different
materials can be subjected to accurately known forces of magnitude as high as 1000 kN. The
studies have shown that the bars extend under tensile force and shorten under compressive
forces as shown in Fig. 8.7. The change in length per unit length is known as linear strain. Thus,

Linear Strain = Cha.ng.e in Length
Original Length
-(7)
o > ba E.“-“-g b
|« t o A e T T
(Original Length) (Extension)
—— bl
| (Shortening) — A je b T T
[« . R

(Original Length)
Fig. 7

When changes in longitudinal direction is taking place changes in lateral direction also
take place. The nature of these changes in lateral direction are exactly opposite to that of changes
in longitudinal direction ie., if extension is taking place in longitudinal direction, the
shortening of lateral dimension takes place and if shortening is taking place in longitudinal
direction extension takes place in lateral directions (See Fig. 7). The lateral strain may be defined
as changes in the lateral dimension per unit lateral dimension. Thus,

. _ Change in Lateral Dimension
Lateral Strain =
Original Lateral Dimension

.(8)

STRESS-STRAIN RELATION

The stress-strain relation of any material is obtained by conducting tension test in the
laboratories on standard specimen. Different materials behave differently and their behaviour in
tension and in compression differ slightly.

Behaviour in Tension

Mild steel. Figure 8 shows a typical tensile test specimen of mild steel. Its ends are gripped into
universal testing machine. Extensometer is fitted to test specimen which measures extension
over the length L;, shown in Fig. 8. The length over which extension is mesured is called
gauge length.

The load is applied gradually and at regular interval of loads extension is measured. After
certain load, extension increases at faster rate and the capacity of extensometer to measure
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extension comes to an end and, hence, it is removed before this stage is reached and extension is
measured from scale on the universal testing machine. Load is increased gradually till the
specimen breaks.
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Cone 1 k2 —/b/\l Cup

Fig. 8. Tension Test Specimen Fig. 9. Tension Test Specimen after Breaking

Load divided by original cross-sectional
area is called as nominal stress or simply as D
stress. Strain is obtained by dividing >
extensometer readings by gauge length of "
extensometer (Li) and by dividing scale
readings by grip to grip length of the
specimen (Lz). Figure 810 shows stress vs
strain diagram for the typical mild steel
specimen. The following salient points are
observed on stress-strain curve:

(a) Limit of Proportionality (A): It is
the limiting value of the stress up to
which
stress is proportional to strain. Fig. 10

(b) Elastic Limit: This is the limiting
value

of stress up to which if the material is
stressed and then released (unloaded) strain disappears completely and the original
length is regained. This point is slightly beyond the limit of proportionality.

(c) Upper Yield Point (B): This is the stress at which, the load starts reducing and the
extension increases. This phenomenon is called yielding of material. At this stage strain is
about 0.125 per cent and stress is about 250 N/mm?.

AC

Stress —»

Fl Strain »

(d) Lower Yield Point (C): At this stage the stress remains same but strain increases for some
time.

(e) Ultimate Stress (D): This is the maximum stress the material can resist. This stress is
about 370-400 N/mm?. At this stage cross-sectional area at a particular section starts
reducing very fast (Fig. 8.9). This is called neck formation. After this stage load
resisted and hence the stress developed starts reducing.

(f) Breaking Point (E): The stress at which finally the specimen fails is called breaking point.
At this strain is 20 to 25 per cent.

If unloading is made within elastic limit the original length is regained i.e., the stress-strain
curve

follows down the loading curve shown in Fig. 8.6. If unloading is made after loading the specimen
beyond elastic limit, it follows a straight line parallel to the original straight portion as shown by
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line FF® in Fig. 10. Thus if it is loaded beyond elastic limit and then unloaded a permanent strain
(OF) is left in the specimen. This is called permanent set.

Stress-strain relation in aluminium and high strength steel. In these elastic materials
there is no clear cut yield point. The necking takes place at ultimate stress and eventually the
breaking point is lower than the ultimate point. The typical stress-strain diagram is shown in
Fig. 11. The stress p at which if unloading is made there will be 0.2 per cent permanent set
is known as 0.2 per cent proof stress and this point is treated as yield point for all practical
purposes.
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Stress —»
Stress ——»

Strain —» Strain —»
Fig. 11. Stress-Strain Relation in Fig. 12. Stress-Strain Relation
Aluminium and High Strength Steel for Brittle Material

Stress-strain relation in brittle material. The typical stress-strain relation in a brittle
materiallike cast iron, is shown in Fig. 12.

In these material, there is no appreciable change in rate of strain. There is no yield
point and no necking takes place. Ultimate point and breaking point are one and the same. The
strain at failure is very small.

Percentage elongation and percentage reduction in area. Percentage elongation and
percentage reduction in area are the two terms used to measure the ductility of material.

(a) Percentage Elongation: It is defined as the ratio of the final extension at rupture to
original length expressed, as percentage. Thus,

: LA
Percentage Elongation = x 100 -(9)

where L - original length, LB- length at rupture.

The code specify that original length is to be five times the diameter and the portion
considered must include neck (whenever it occurs). Usually marking are made on
tension rod at every ‘2.5 d’ distance and after failure the portion in which necking takes
place is considered. In case of ductile material percentage elongation is 20 to 25.

(b) Percentage Reduction in Area: It is defined as the ratio of maximum changes in the
cross- sectional area to original cross-sectional area, expressed as percentage. Thus,

A
Percentage Reduction in Area ,p x 100 ..(10)
A
where A-original cross-sectional area, AB-minimum cross-sectional area. In case of
ductile material, A is calculated after measuring the diameter at the neck. For this, the

two broken pieces of the specimen are to be kept joining each other properly. For steel,
the percentage reduction in area is 60 to 70.

Behaviour of Materials under Compression

As there is chance to bucking (laterally bending) of long specimen, for compression tests short
specimens are used. Hence, this test involves measurement of smaller changes in length. It
results into lesser accuracy. However precise measurements have shown the following
results:

(@) In case of ductile materials stress-strain curve follows exactly same path as in
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tensile test up to and even slightly beyond yield point. For larger values the curves
diverge. There will not be necking in case of compression tests.

(b) For most brittle materials ultimate compresive stress in compression is much larger
than in tension. It is because of flows and cracks present in brittle materials which
weaken the material in tension but will not affect the strength in compression.
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NOMINAL STRESS AND TRUE STRESS

So far our discussion on direct stress is based on the value obtained by dividing the load by
original cross-sectional area. That is the reason why the value of stress started dropping after
neck is formed in mild steel (or any ductile material) as seen in Fig. 10. But actually as material is
stressed its cross-sectional area changes. We should divide load by the actual cross-sectional
area to get true stress in the material. To distinguish between the two values we introduce
the terms nominal stress and true stress and define them as given below:

Load
= — - ..(11a)
Original Cross-sectional
Area

Load ..11b)

Actual Cross-sectional Area

True Stress-Strain Curve Y

So far discussion was based on nominal stress.
That is why after neck formation started (after
ultimate stress), stress-strain curve started sloping
down and the breaking took place at lower stress
(nominal). If we consider true stress, it is increasing
continuously as strain increases as shown in Fig.
13.

Nominal Stress-Strain Curve

Stress —p»

Strain ———»

Fig. 13. Nominal Stress-Strain Curve
and True Stress-Strain Curve for Mild
Steel.

FACTOR OF SAFETY
In practice it is not possible to design a mechanical component or structural component
permitting stressing up to ultimate stress for the following reasons:

1. Reliability of material may not be 100 per cent. There may be small spots of flaws.

2. The resulting deformation may obstruct the functional performance of the component.

3. The loads taken by designer are only estimated loads. Occasionally there can be
overloading. Unexpected impact and temperature loadings may act in the lifetime of
the member.

4. There are certain ideal conditions assumed in the analysis (like boundary conditions).
Actuallyideal conditions will not be available and, therefore, the calculated stresses
will not be 100 per cent real stresses.

Hence, the maximum stress to which any member is designed is much less than the
ultimate stress, and this stress is called Working Stress. The ratio of ultimate stress to working
stress is called factor of safety. Thus

Factor of Safetywm(giz)

Stress

In case of elastic materials, since excessive deformation create problems in the
performance of the member, working stress is taken as a factor of yield stress or that of a 0.2
proof stress (if yield point do not exist).
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Factor of safety for various materials depends up on their reliability. The following values
are commonly taken in practice:

1. For steel - 1.85
2. For concrete - 3
3. For timber - 4 to 6
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HOOKE’S LAW

Robert Hooke, an English mathematician conducted several experiments and concluded that
stress is proportional to strain up to elastic limit. This is called Hooke’s law. Thus Hooke’s law is,
up to elastic limit

2 (13a)
where p is stress and e is strain
Hence, LI Y (13b)

where E is the constant of proportionality of the material, known as modulus of elasticity or
Young’s modulus, named after the English scientist Thomas Young (1773-1829).

However, present day sophisticated experiments have shown that for mild steel the Hooke’s
law holds good up to the proportionality limit which is very close to the elastic limit. For other
materials, Hooke’s law does not hold good. However, in the range of working stresses,
assuming Hooke’s law to hold good, the relationship does not deviate considerably from
actual behaviour. Accepting Hooke’s law to hold good, simplifies the analysis and design
procedure considerably. Hence Hooke’s law is widely accepted. The analysis procedure
accepting Hooke’s law is known as Linear Analysis and the design procedure is known as the
working stress method.

EXTENSION/SHORTENING OF A BAR

Consider the bars shown in Fig. 14

P «— > p
¢ L » O le—
P —> P «—
L l¢ » le—
Fig. 14

From equation (8.6), Stress p = E

From equation (8.7), Strain, e = Z

From Hooke’s Law we have,

E= Stress_p@P/AiL
Strain e B/L A#

or =
AE

Example 1. A circular rod of diameter 16 mm and 500 mm long is subjected to a tensile force

40 kN. The modulus of elasticity for steel may be taken as 200 kN/mm?2. Find stress, strain and

elongation of the bar due to applied load.

Solution: Load P = 40 kN = 40 x 1000 N
E =200 KN/mm? = 200 x 103 N/mm?
L =500 mm

Diameter of the rod d = 16 mm
Therefore, sectional
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area A=

@Ad? x 162
4 4
= 201.06 mm?2



Strain e = p

AE

AE

30
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P 40
%%ss p = = 198.94 N/mm?
A 201.06
— 19894 _ 40009947
E 200
103
Elongation - PL ;}(;)0 1000 = 0.497 mm

201.06 200
103

Example 2. A Surveyor’s steel tape 30 m long has a cross-section of 15 mm x 0.75 mm. With
this, line AB is measure as 150 m. If the force applied during measurement is 120 N more than the
force applied at the time of calibration, what is the actual length of the line?
Take modulus of elasticity for steel as 200 kN/mmz.
Solution: A =15 x 0.75 = 11.25 mm?
P=120N,L=30m =30 x 1000 mm
E =200 kN/mm? = 200 x 103 N/mm?
Elongation - PL 120 30 = 1.600 mm
1000 )
11.25 200

03

Hence, if measured length is 30
m.

Actual length is 30 m + 1.600 mm = 30.001600 m

50 Actual length of line AB = x 30.001600 = 150.008 m

Example 3. A hollow steel tube is to be used to carry an axial compressive load of
160 kN. The yield stress for steel is 250 N/mm?Z. A factor of safety of 1.75 is to be used in the
design. The following three class of tubes of external diameter 101.6 mm are available.

Class Thickness
Light 3.65 mm
Mediu mm

m

Heavy 4.85 mm

Which section do you recommend?
Solution: Yield stress = 250

N/mm?Factor of safety = 1.75

Therefore, permissible stress

—— =142.857 N/mm?

Load P = 160 kN = 160 x 103 N

but

p:

= =>|"U

2103
ie. 142,857 = 160810
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160 103
142.857

A= =1120 mm— > 2

For hollow section of outer diameter ‘D’ and inner diameter ‘d’

A=22 - = 1120

= (101.62 - d2) = 1120
4



Strain

_P/A _800103/314.16
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3 d = 94.32 mm

t=Dd101-6=3.63mm

Hence, use of light section is recommended.
Example 4. A specimen of steel 20 mm diameter with a gauge length of 200 mm is tested to
destruction. It has an extension of 0.25 mm under a load of 80 kN and the load at elastic limit
is 102 kN. The maximum load is 130 kN.

The total extension at fracture is 56 mm and diameter at neck is 15 mm. Find
() The stress at elastic limit.
(i) Young’s modulus.
(iii)y Percentage elongation.
(iv) Percentage reduction in area.
(v) Ultimate tensile stress.
Solution: Diameter d = 20 mm

vl 2
Area 4 = 297 = 31416 mm?

Load at elastic

(i) Stress at elastic limit
- limitArea

102
103 = 324.675 N/mm?

314.16

(i) gtggsr;g’s modulus  E = \ithin elastic limit

0.25/200

= 203718 N/mm?

(iii) Percentage elongation = Final exten_smn

Original length

56
200

Initial area
202 152
_ 4

4

_ 1302103

x 100 = 28

(iv) Percentage reduction in area

Initial Final
nitial area inal _ 00

4

202

x 100 = 43.75

(v) Ultimate Tensile Stress :Ultlm—ateLoad

Area
314.16



SOM Notes
Dept of Mechanical Engg.

Lect. N Bikash Rao

= 413.80 N/mmz.
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BARS WITH CROSS-SECTIONS VARYING IN STEPS

A typical bar with cross-sections varying in steps and subjected to axial load is as shown in
Fig. 15(a). Let the length of three portions be L1, L> and Lz and the respective cross-sectional
areas of the portion be Aj, Az, A3 and E be the Young’s modulus of the material and P be the
applied axial load.

Figure 15(b) shows the forces acting on the cross-sections of the three portions. It is
obvious that to maintain equilibrium the load acting on each portion is P only. Hence
stress, strain and extension of each of these portions are as listed below:

P+ @ @ @ a P
A A 2
1
<t = > = >l =5 =!
(a)
P <+— P > P <« —» P P
Section Through 1 Section Through 2 Section Through 3

(b)

Fig.15. Typical Bar with Cross-section Varying in Step

Portion Stress Strain Extension

1 p =" e =Bl - PLy
oAy 1 E  A4E 1 A4E

) b=t Pg” Py
LA 2 E  AyE 2 AgE

3 __P e = B3 gL _ PL3
4 3 E  A3E 3 A3E

Hence total change in length of the bar

=]
1

=
+
=

vg = PligPly + Pl .(15)
AE AE AE
Example 5. The bar shown in Fig. 16 is tested in universal testing machine. It is observed that
at a load of 40 kN the total extension of the bar is 0.280 mm. Determine the Young’s
modulus of the material.

il Il +

P 4—] d1=2v5mm d2:2'0mm dz =25 mm —»p
f f f

Fig. 16

3
Solution: Extension of portion 1, PLy p 40 210" 8150

AE
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PL B 252E

4

40@103 @250

fixtension of portion —y—
AE ~ B 202E
4



ASE

Total extension =

0.280 =

Cross-section
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Extension of portion 3, i@ 40210° 2150
= l 252F
40 B 103 150

£625 400 625}

3 .
40 @10 —4E1112

E E
E = 200990 N/mm?2
BARS WITH CONTINUOUSLY VARYING CROSS-SECTIONS

When the cross-section varies continuously, an elemental length of the bar should be considered
and general expression for elongation of the elemental length derived. Then the general
expression should be integrated over entire length to get total extension.

Example 8. A bar of uniform thickness ‘t’ tapers uniformly from a width of b; at one end to b; at
other end in a length ‘L’ as shown in Fig. 18. Find the expression for the change in length of
the bar when subjected to an axial force P.

12

*I

AN

A 4

Fig. 19

Solution: Consider an elemental length dx at a distance x from larger end. Rate of change of breadth
..b; B by
is L2,

Hence, width at section xis b = - b*—: by x=by - kx
b1
b, @b
where k="1—=%

Cross-section area of the element = A = t(b1 -
kx)Since force acting at all sections is P only,

Extension of element _ Pdx h 1 h = d.
AE [where length = dx]
_ Pdx
(b1 kX)tE
Total extension of the bar = ]Lpidx P ]Li
0 (by Bkx)tE tE)o (b, @ kx)

pl1 T J*
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tE] k] Llog (b B k)
pT ]  bab yL

L log b, B lL 2x]j0

tEk
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= P[—logb +logb]=ilog_
tEk 2 L tEk b,

b
_ PL _ log * (16)
tE(b, @ b,) b,

A tapering rod has diameter d; at one end and it tapers uniformly to a diameter d: at the
other end in a length L as shown in Fig. 20. If modulus of elasticity of the material is E, find
its change in length when subjected to an axial force P.

11 '
1
' —>
d2
y 'T_
|4—X—’|T<— dx
Cross-section | |
¢ = >
Fig. 20
Solution: Change in diameter in length L is d1 - d>
Rate of change of diameter, k =
L

Consider an elemental length of bar dx at a distance x from larger end. The diameter of
the bar at this section is

d=di - kx.
Bd
Cross-sectional area A=, 4 (dy - kx)?
4
Extension of the element = bdx
- — 2
4 (d — kx)2E
. - L Pdx
Extension of the entire bar =
" L(d Bka)2E
4 1
- QIL¢ 2E 0 (d; — kx)?
L
ap ] 1

" ek)d kx]] —
1 0
ap J1 1

BE(d 18 d d dT] since d; - kL = d,
L

_4PL o (dBdy) = P -(17)

RE(d, Bd,) did, ZEd,d
- 12
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Example 6. A steel flat of thickness 10 mm tapers uniformly from 60 mm at one end to
40 mm at other end in a length of 600 mm. If the bar is subjected to a load of 80 kN, find its
extension. Take E = 2 x 105 MPa. What is the percentage error if average area is used for
calculating extension?

Solution: t = 10 b1 = 60 mm b, = 40 mm
Now, mm
L = 600 mm P =80 kN = 80000 N
Now, 1 MPa = 1 N/mm?
Hence E = 2 x 105 N/mm?
Extension of the tapering bar of rectangular
section
= PL —  log ﬁ
tE(b, @ b,) b,
_ 80000 @ 600 log 60
10 @ 2 @105 (60 & 40
40)
= 0.4865 mm
If averages cross-section is considered instead of tapering cross-section, extension is given by
_ PL L
AL E
60 [ 10 @ 40
Now Ay = = 500 mm?
10
2

_ 80000600 - 0.480 mm
50082 @105

0.48 x 100

0.4865
1.348

Percentage error

SHEAR STRESS Q

Figure 22 shows a bar subject to direct shearing v
force i.e., the force parallel to the cross-section
of bar. The section of a rivet/bolt subject to direct T
shear

is shown in Fig. 23. Let Q be the shearing force P
and q the shearing stress acting on the section. Then, R
with usual assumptions that stresses are uniform we l
get,

Fig. 22. Direct Shear Force on a

Q Q 7 T

L »Q —>"R

Section




Le.,
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| —

Fig. 23. Rivet in Direct Shear

R=0qdA =q 0B dA =
For equilibrium qAQ = R = gA

_0Q
Q= ..(18)

Thus, the direct stress is equal to shearing force per unit area.
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POISSON’S RATIO

When a material undergoes changes in length, it undergoes changes of opposite nature in lateral
directions. For example, if a bar is subjected to direct tension in its axial direction it

elongates andat the same time its sides contract (Fig. 27).

=l

Fig. 27. Changes in Axial and Lateral Directions

If we define the ratio of change in axial direction to original length as linear strain and
change in lateral direction to the original lateral dimension as lateral strain, it is found that
within elastic limit there is a constant ratio between lateral strain and linear strain. This constant

ratio is

Linear strain

calledPoisson’s ratio. Thus,

. , . Lateral
Poisson’s ratio =

strain "'(19)

It is denoted byi, or @. For most of metals its value is between 0.25 to 0.33. Its value for steel

m

is 0.3 and for concrete 0.15.

VOLUMETRIC STRAIN

When a member is subjected to stresses, it undergoes deformation in all directions. Hence, there
will be change in volume. The ratio of the change in volume to original volume is called
volumetric strain.

Thus

where

V = Original volume

Ay
ey =V ..(20)
ey = Volumetric strain
By = Change in
volume

It can be shown that volumetric strain is sum of strains in three mutually perpendicular

directions.
ie., ey=¢e t+te +e;
For example consider a bar of length L, breadth b and depth d as shown in Fig. 28.
z
y v
d
* | \/E/V\T
Fig. 28

Now, V = Lbd
Since volume is function of L, b and d.

BV =08L bd + L Bb d + Lb Bd

Ay

Vv Lbd
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Now, consider a circular rod of length L and diameter ‘d’ as shown in Fig. 29.



T T
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e O}

¢ 1 »|
'Y L gl

Fig. 29
Volume of the bar V= dz
L
av = dd L + @2 0L (since v is function of d and L).
av 4
= 2
Bd S )
d L

ad
—e +e +e;sincee “€=

y z d
In general for any shape volumetric strain may be taken as sum of strains in three mutually
perpendicular directions.

ELASTIC CONSTANTS

Modulus of elasticity, modulus of rigidity and bulk modulus are the three elastic constants.
Modulus of elasticity (Young’s Modulus) ‘E’ has been already defined as the ratio of linear
stress to linearstrain within elastic limit. Rigidity modulus and Bulk modulus are defined in
this article.

Modulus of Rigidity: It is defined as the ratio of shearing stress to shearing strain within
elasticlimit and is usually denoted by letter G or N. Thus

- -(21)

where G = Modulus of rigidity
q = Shearing stress
and @ = Shearing strain
Bulk Modulus: When a body is subjected to identical stresses p in three mutually
perpendicular directions, (Fig. 30), the body undergoes uniform changes in three directions

without undergoing distortion of shape. The ratio of change in volume to original volume has
been defined as volumetric strain (e,). Then the bulk modulus, K is defined as

K:pev

where p = identical pressure in three mutually perpendicular directions
e = _', Volumetric strain
1%
1%
@, = Change in volume
v = Original volume

Thus bulk modulus may be defined as the ratio of identical pressure ‘p’ acting in three mutually
perpendicular directions to corresponding volumetric strain.

A

k=l
©
k=
A
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(@ (b)
Fig. 30
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Figure 30 shows a body subjected to identical compressive pressure ‘p’ in three mutually
perpendicular directions. Since hydrostatic pressure, the pressure exerted by a liquid on a body
within it, has this nature of stress, such a pressure ‘p’ is called as hydrostatic pressure.

+«9

RELATIONSHIP BETWEEN MODULUS OF ELASTICITY E B cE ¢
AND MODULUS OF RIGIDITY F I
10
Consider a square element ABCD of sides ‘a’ subjected to pure shear T l
‘q’as shown in Fig. 8.31. AECED shown is the deformed shape due to /yv\ a l
shear *h A =~
q. Drop perpendicular BF to diagonal DE. Let @ be the shear strain
and Fig. 31

G modulus of rigidity.

DE @ DF
Now, strain in diagonal BD =
DF
_EF
DB
_ _EF
B ABV2
Since angle of deformation is very small we can assume BBEF = 45°, hence EF = BE cos 45°
EF _ BE cos 4508
Strain in diagonal BD= ——p 2205220
BD  AB\2
_ atan [ cos 4508
a 1 V2 1
=_tan @ @_ (Since @ is very small)
1 2 2
= 1 , since @ = 1 _ _..(1)
2 G G
Now, we know that the above pure shear gives rise to axial tensile stress q in the diagonal
direction of DB and axial compression g at right angles to it. These two stresses cause tensile
strain along the diagonal DB.
Tensile strain along the diagonal DB =Tgpim? (1@ m) -(2)
E E E
From equations (1) and (2), we get
lgdpgdpm o
2 G E
E =2G(1 + @) ..(22)
RELATIONSHIP BETWEEN MODULUS OF ELASTICITY AND BULK MODULUS
Consider a cubic element subjected to stresses p p
in the three mutl_lally perpendicular direction x, y, ;) D
z as shown in Fig. 32. |
Now the stress p in x direction causes tensile *
y
z’grain P — in x direction while the stress p in y an X P | — P
z direction cause compressive strains @ jp x pa |
p




SOM Notes
Dept of Mechanical Engg.

Lect. N Bikash Rao

direction.
Hence, e = i f_p
x FE E E
!
2m).
E

Similarly e,

Fig. 32
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p
e, = T (1e2m)

(1)
E

Volumetric strain ev=e +te t+e = 3ﬁ(l 20)
E

From definition, bulk modulus K is given by

- Py p
K= P3pamam

E
or E=3K(1 - 12) «(2)
Relationship between EGK:
We know E=2G(1+ @) -.(a)
and E = 3K(1 - 20)

..(b)
By eliminating @ between the above two equations we can get the relationship between
E, G, K free from the term [.

From equation (a)

El
G

Substltutlng t in eguatl (b), we get
E= 3K]F1l2 - l1Oy

L 26 5] p£ 4, - 3x)30-E

¢ ] 6]

- 9K - 3KE -
Ell 3K = 9K
¢J
] or E] =9K ..(c)
or E= 9KG ..(23a)
G2 3K
Equation (c) may be expressed as
9 _G0A&3K

_n
E KG
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Example 7. A circular rod of 25 mm diameter and 500 mm long is subjected to a tensile force
of 60 kN. Determine modulus of rigidity, bulk modulus and change in volume if Poisson’s ratio

and Young’s modulus E = 2 x 105 N/mm?Z.
Solution: From the relationship

E =2G(1 + @) = 3k(1 - 20)

We get, 6= °© fos =0.7692 x 105 N/mm?

2(12@) 2(1@0.3)
E 2@ 105

- - 5 2

and K 31E20) © 31821 03) 1.667 x 10°> N/mm
P 602103
Longitudinal stress 5 =——"— = 122.23 N/mma
- T g 252
. . Stress
kinggy strain = =61.115 x 10-5
E 2 @108
Lateral strain = e, = - Be, and e,= - e,
Volumetric strain e, = e, + e, + e,
= (1 - 20)

=e, =61.115 x 105 (1 - 2 x 0.3)

= 24446 x 10-5

but Change in volume
v
Change in volume = ¢, x v

224—.446 X 10_5 x x (252) x 500

= 60 mm?3
Example 8. A 400 mm long bar has rectangular cross-section 10 mm x 30 mm. This bar is
subjected to

(i) 15 kN tensile force on 10 mm x 30 mm faces,

(if) 80 kN compressive force on 10 mm x 400 mm faces, and
(i) 180 kN tensile force on 30 mm x 400 mm faces.
Find the change in volume if E = 2 x 10° N/mm? and B = 0.3.

180 kN /VNQ\y
! 15kN
i

y X i
v 15 kN
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Fig 33
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Example 9. In a laboratory, tensile test is conducted and Young’s modulus of the material is
found to be 2.1 x 105 N/mmz2. On the same material torsion test is conducted and modulus of

rigidity is found to be 0.78 x 105 N/mm?Z. Determine Poisson’s Ratio and bulk modulus of the
material.
[Note: This is usual way of finding material properties in the laboratory].

Solution: E =21 x 105> N/mm?
G =0.78 x 10> N/mm?
Using relation E=2G(1 + @)
we get 2.1 x10°5=2 x 0.78 x 105 (1 + @)
1346 =1 +
or = 0.346
From relation E = 3K(1 - 20)
we get 2.1 x 105 =3 x K(1 - 2 x 0.346)

K = 2.275 x 105 N/mm?
Example 10. A material has modulus of rigidity equal to 0.4 x 105 N/mm? and bulk modulus
equal to 0.8 x 10° N/mm?Z. Find its Young’s Modulus and Poisson’s Ratio.
Solution: G = 0.4 x 105 N/mm?
K= 0.8 x 105 N/mm?

. ) 9GK
Using the relation E =

3K G

o 900401058088105
" 3@08@105@0.4@105

E =1.0286 x 105 N
From the E =261 + &)
relationwe get 1.0286 x 105 = 2 x 0.4 x 105(1 + @)
1.2857 =1 +
or = 0.2857
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COMPOSITE/COMPOUND BARS

Bars made up of two or more materials are called composite/compound bars. They may have
same length or different lengths as shown in Fig. 34. The ends of different materials of the bar
are held together under loaded conditions.

P P Rigid

connection s -
%§
N
N
EN
N
N
EN
S
N
. N . . .
Material 1 §§ Material 2 Material 1 —®| Material 2
N
A
N
N
N
N
ZN
N
S
és b
P
Rigid support
Fig. 34

Consider a member with two materials. Let the load shared by material 1 be P; and that by
material 2 be P,. Then
(i) From equation of equilibrium of the forces, we get

P=P+ P 2461)
(if) Since the ends are held securely, we get
Il = 12

where Bl and @I, are the extension of the bars of material 1 and 2 respectively

PL
R 17

Le. ..24b)
A1E1 AZEZ
Using equations 8.24(a) and (b), P1 and P can be found uniquely. Then extension of the system
P,L
can be found using the relation B/ = Py or Bl=_%"2 Ghee @ == al,.
Ly A E, Bh

AEy
The procedure of the analysis of compound bars is illustrated with the examples below:

Example 11. A compound bar of length 600 mm consists of a strip of aluminium 40 mm wide
and 20 mm thick and a strip of steel 60 mm wide x 15 mm thick rigidly joined at the ends. If
elastic modulus of aluminium and steel are 1 x 10° N/mm? and 2 x 105 N/mmZ, determine the
stresses developed in each material and the extension of the compound bar when axial tensile
force of 60 kN acts.

Solution: The compound bar is shown in the figure 8.36.
Data available is
L = 600 mm
P =60 kN = 60 x 1000 N
A,= 40 x 20 = 800 mm?
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Ay = 60 x 15 = 900 mm?
E,=1 x 105 N/mm?, E; = 2 x 105 N/mm?.
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Let the load shared by aluminium strip be P, and that shared

bysteel be P;. Then from equilibrium condition x
P, + P, = 60 x 1000 (1)
From compatibility condition, we have
By = B
Ste |
_PolL Pl 600|mm [¢— Aluminium
AE,  AE;
] P, @600 — P 8600
LE. 800 @1@105 900 @2 B 105
PS = 225 Pa (2) v
Substituting it in eqn. (1), we get 60%N
P,+ 225 P, = 60 x 1000 Fig. 35
ie. P,= 18462 N.
P, = 2.25 x 18462 = 41538
N.
Stress in aluminium strip = Py p 18462
A, 800
= 23.08 N/mm?2

Stress in steel strip = Py = 46.15 N 2
41538 P = —= =4615N/mm

A, 900

P,L 18462
Extension of the compound bar =—%— 84621 600

AcE. 800 @1M@105
21 = 0.138 mm.

Example 12. A compound bar consists of a circular rod of steel of
25 mm diameter rigidly fixed into a copper tube of internal diameter 25
mm and external diameter 40 mm as shown in Fig. 36. If the compound
bar is subjected to a load of 120 kN, find the stresses developed in the
two materials.

~ Steel rod
Take E, = 2 x10° N/mm? Fig. 36

x
and E_ = 1.2 x 10° N/mm’.

Solution: Area of steel rod A = % x 25% = 490.87 mm’
Area of copper tube A, = g (40% - 25%) = 765.76 mm’

From equation of equilibrium,

P,+ P, =120 x 1000 (1
where P;is the load shared by steel rod and P, is the load shared by the copper
tube.

From compatibility condition, we have
Bs = B

PL g PL



ASES

ACEC

P 7 P,
490.87@2 @105 765.76@1.2@10°

P;=1.068 P,
From eqns. (1) and (2), we get
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(2)
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1.068 P, + P, = 120 «x

1000 = 58027 N
120 21000
=
c 2.068
P,=1.068 P, = 61973 N
Stress in copper = _ 2
58027 75.78 N/mm
9765.76
Stress in steel = - 126,25 N/mm?
61973
490.87
Example 13. Three pillars, two of aluminium and one of steel support a rigid platform of 250
kN as shown in Fig. 38. If area of each aluminium pillar is 1200 mm?2 and that of steel pillar is
1000mm?, find the stresses developed in each pillar.
Take E, = 2 x 105 N/mm? and E,= 1 x 1056 N/mm? ) 250 kN _
Solution: Let force shared by each aluminium pillar be P, and that § =
shared by steel pillar be P;. £ _ E
= [}
The forces in vertical direction = 0 < E||& j
Py + Py + Py = 250 J g N
2P+ P, =250  .(1) l
From compatibility condition, we
get _
B, = o, Fig. 38
DL _P_L_
ASES AaEa
P, @240 7 P, @160
100022 @105 1200@1@105
Py=1.111 P, -(2)
From eqns. (1) and (2), we get
P,(2 + 1.111) = 250
P, = 80.36 kN
Hence from eqn.
(1), P,= 250 - 2 x 80.36 = 89.28 kN
Stresses developed
are >
wolr @ 82288 - g9 28 N/mm?
S A 1000
80.36
=~ = 2
1000 66.97 N/mm
a 1200

Example 14. A steel bolt of 20 mm diameter passes centrally through a copper tube of internal
diameter 28 mm and external diameter 40 mm. The length of whole assembly is 600 mm. After tight
fitting of the assembly, the nut is over tightened by quarter of a turn. What are the stresses
introduced in the bolt and tube, if pitch of nut is 2 mm? Take E; = 2 x 10° N/mmZ and E. = 1.2 x

105 N/mm?2.
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Fig. 39

/— Copper tube

=

Steel bolt

Copper tube

Steel bolt
(b)
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Solution: Figure 8.40 shows the assembly. Let the force shared by bolt be P;and that by tube be
P.. Since there is no external force, static equilibrium condition gives

P+ P.=0 or P;=-P,
i.e., the two forces are equal in magnitude but opposite in nature. Obviously bolt is in tension
and tube is in compression.

Let the magnitude of force be P. Due to quarter turn of the nut, the nut advances « yitch
1 p
by

:1_><2:0.5 mm.
4

[Note. Pitch means advancement of nut in one full turn]

During this process bolt is extended and copper tube is shortened due to force P developed. Let
@5 be extension of bolt and @, shortening of copper tube. Final position of assembly be &, then
5 + c =

Le. Bl —PQLL = 0.5
AE;  AcE,
P 600 . P 600 05
5/4.)2022105 (@ / 4) (402 B
82) 7 1.2 @105
P 600 I‘j 1 1 jy:%
(B/4)B1057,202 B2 (402 B282)B1.
P = 28816.8 N
28816.
p.=- 2w 3 - 91.72 N/mm2
@/ 4
202

p =t g 28816.8

c 4 @/ 4) (40
282)

= 44.96 N/mm?
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THERMAL STRESSES
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Every material expands when temperature rises and contracts when temperature falls. It is
established experimentally that the change in length @ is directly proportional to the length of

the member L and change in temperature t. Thus

@ et

=0 tL

.(8.25)

The constant of proportionality @ is called coefficient of thermal expansion and is defined as
change in unit length of material due to unit change in temperature. Table 8.1 shows coefficient
of thermal expansion for some of the commonly used engineering materials:

Table 1

Material Coefficient of thermalexpansion
Steel 12 x 10-6/°C
Copper 17.5 x 10-6/°C

Stainless steel

Brass, Bronze

Aluminium

18 x 10-6/°C
19 x 10-6/°C

23 x 10-6/°C

If the expansion of the member is freely permitted, as shown in Fig. 8.41, no

temperaturestresses are induced in the material.

Fig. 40 Free Expansion Permitted

T

A

€ o thy

If the free expansion is prevented fully or partially the stresses are induced in the bar, by the
support forces. Referring to Fig. 41,

[P

»

€

(a)

T

)

(b)

7777

ﬁ
1

©

Fig. 41

77777,

If free expansion is permitted the bar would have expanded by

B =0tL

Since support is not permitting it, the support force P develops to keep it at the original position.
Magnitude of this force is such that contraction is equal to free expansion, i.e.

PL

AE=tL



SOM Notes
Dept of Mechanical Engg.

Lect. N Bikash Rao

or p=EQR¢t (26)
which is the temperature stress. It is compressive in nature in this case.
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Consider the case shown in Fig. 8.43 in which free expansion is prevented partially.

y
R=P 43

Fig. 42

In this case free expansion = @ tL
Expansion prevented @ = @ tL -

The %pansion is prevented by developing compressive force P at supports

T -0=0-00 .(27)

Example 15. A steel rail is 12 m long and is laid at a temperature of 18°C. The maximum
temperature expected is 40°C.

(i) Estimate the minimum gap between two rails to be left so that the temperature stresses
do not develop.

(i) Calculate the temperature stresses developed in the rails, if:
(a) No expansion joint is provided.
(b) Ifa 1.5 mm gap is provided for expansion.
(iii) If the stress developed is 20 N/mm?, what is the gap provided between the
rails? Take E = 2 x 105 N/mm? and B = 12 x 10-¢/°C.
Solution:
(i) The free expansion of the rails
tL = 12 x 10-6 x (40 - 18) x 12.0 x 1000
3.168 mm

Provide a minimum gap of 3.168 mm between the rails, so that temperature
stressesdo not develop.

(i) (a) If no expansion joint is provided, free expansion prevented is equal to 3.168 mm.
ie. = 3.168 mm
PL

Vi 3.168

.
p- %) 3.168 @ 2

A 12@1000

Y

= 52.8 N/mm?

(b) If a gap of 1.5 mm is provided, free expansion prevented B = @ tL - B = 3.168 - 1.5 =
1.668 mm.



AE

or

The compressive force developed is given by

_ P 1668 B 2
P= 105

A 12 @1000

= 1.668

= 27.8 N/mm?

SOM Notes
Dept of Mechanical Engg.
Lect. N Bikash Rao



SOM Notes
Dept of Mechanical Engg.

Lect. N Bikash Rao

(iii) If the stress developed is 20 N/mm?, then p= = 7
P

A
If @ is the gap, @ =0 tL - [
PL 3168 -
AE
:
ie. 20 x = 3.168 -
1000
2@105
=3.168 - 1.20 = 1.968 mm
Example 16. The composite bar shown in Fig. 43 is rigidly fixed at the ends A and B. Determine
the reaction developed at ends when the temperature is raised by 18°C. Given
E, = 70 kN/mm?2
Es= 200 kN/mm?2
B, = 11 x 10-6/°C
By = 12 x 10-5/°C
2 2
/—Aa =600 mm /—AS= 400 mm
Aluminium Steel
—1.5m 3.0m
e bl >
(a)
(b)
Fig.43
Solution: Free expansion = B, tL, + @stL
=11 x 106 x 18 x 1500 + 12 x 10-6 x 18 x 3000
= 0.945 mm
Since this is prevented
= 0.945 mm.
E,= 70 kN/mm?2 = 70000 N/mm? ;
Es= 200 KN/mm? = 200 x 1000 N/mm?
If P is the support reaction,
_ PL, __PL;
AEq  AGEs
. 1500 3000
ie. 0945 =P
,600 @ 70000 400 B 200 B 1000
0.945 = 73.214 x 10-¢
— P

or P =12907.3 N
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THERMAL STRESSES IN COMPOUND BARS

When temperature rises the two materials of the compound bar experience different free
expansion. Since they are prevented from seperating, the two bars will have common position.
This is possible only by extension of the bar which has less free expansion and contraction of the
bar which has more free expansion. Thus one bar develops tensile force and another develops
the compressive force. In this article we are interested to find such stresses.

Consider the compound bar shown in Fig. 45(a). Let @, B, be coefficient of thermal
expansion and Ei, E2 be moduli of elasticity of the two materials respectively. If rise in
temperature is ‘t,

Free expansion of bar 1 = B tL
Free expansion of bar 2 = B tL

Let @1 > B;. Hence the position of the two bars, if the free expansions are permitted are at A4 and
BB as shown in Fig.

‘ datl c
_____ B %
Bar -2 Bar -2 i.._, P,
_____ s A
— A e
Bar-1 Bar-1 54—
A
D
C
Fig. 45
Since the two bars are rigidly connected at the ends, the final position of the end will be
somewhere between AA and BB, say at CC. It means Bar-1 will experience compressive force Py
which contracts it by @; and Bar-2 experience tensile force P, which will expand it by @5.
The equilibrium of horizontal forces gives,
Py = P, say P
From the Fig. 8.46 (b), it is clear,
Pl tL - @1 = @, tL + @
1+2=1tL—2tL:(1—2)tL.
If the cross-sectional areas of the bars are A; and A4, we get
PL  _
AE _ )
A,E, tL ..(8.28)

From the above equation force P can be found and hence the stresses P1 and P; can be determined.
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Example 17. A bar of brass 20 mm is enclosed in a steel tube of 40 mm external diameter
and 20 mm internal diameter. The bar and the tubes are initially 1.2 m long and are rigidly
fastened at both ends using 20 mm diameter pins. If the temperature is raised by 60°C, find the
stresses induced in the bar, tube and pins.

Given: Es=2 x 105 N/mm?2
Ey=1 x 105 N/mm?
By = 11.6 x 10-5/°C
B, =187 x 10-6/°C.
Solution:

Steel tube

Brass rod

Fig. 46

t=60° E;=2x 105 N/mm? E,=1 x 10> N/mm?
By = 11.6 x 10-¢/°C B, = 18.7 x10-¢/°C
A = (402 -202) A =~ x 202
s 4 b 4
= 942.48 mm? = 314.16 mm?

Since free expansion of brass (B, tL) is more than free expansion of steel (&; tL),
compressive force P, develops in brass and tensile force P; develops in steel to keep the
final position at CC (Ref: Fig. 46).

Horizontal equilibrium condition gives P, = P, say P. From the figure, it is clear that

B + By = Bp tL - Bstl = (B - Bs)tL.
where B and @), are the changes in length of steels and brass bars.

PL -
AE; (18.7
ALE -
" 11.6)
x 10-
6x 60
X
1200.
P x 1200 rj 1 g 1 ¥= 7.1 x 10-6 x 60 x 1200
[942.48m2 @105 314.16 @ 1@ 105
@ P=114713 N
. _P
Di4713 Stress in steel = = 12.17 N/mm?
A 942.4 114713

8 314.16

and Stress in brass =

b -
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= 36.51 N/mm?
The pin resist the force P at the two cross-sections at junction of two bars.
Lo P
Shear stress in pin =

2 @ Area of pin

11471.3

= = 18.26 N/mm?
2@ 8/4 @202



1. Ifstress is uniform
P
p = —
A
o ) Change in length
2. (i) Linear strain =
Original length

IMPORTANT FORMULAE

Change in lateral dimension

(if) Lateral strain =

Original lateral dimension

by

PL

AE

extension prevented.
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3. Poisson’s ratio :Mn , within elastic limit.
Linear strain
LB AL
4. Percentage elongation = x 100.
L
5. Percentage reduction in area = o x 100.
A
6. Nominal stress = Load
Original cross-sectional area
7. True stress = Load .
Actual cross-sectional area
Ultimate st
8. Factor of safety - Hmare stress
Working stress
However in case of steel, = Yield stress .
Working stress
9. Hooke’s Law, p = Ee.
10. Extension/shortening of bar JL .
AE
. o . . ) PL b,
11. Extension of flat bar with linearly varying width and constant thickness=_ log _—.
tE(b, @ by) b,
. . . 4PL
12. Extension of linearly tapering rod = PL
0 BE (B8/4 did2) E
13. Direct shear stress = dyd,
p _
. .
14. Volumetric strain e, = =e, te, +e,
15. E=2G(1+@)=3K(1-20@)
9 3 1
—_ —_ 4 —
E ¢ k °F .
16. Extension due to rise in temperature:
=0 tL
17. Thermal force, P is given
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Tutorial questions

Draw stress strain diagram for ductile materials and indicate all salient features on it. Explain the
variousmechanical properties can be estimated from that diagram.
Derive the relations between E,G,K
Derive the expression for the elongation for the circular tapered bar
Two parallel walls 6m apart are stayed together by a 25 mm diameter steel
rod at80°C passing through washers and nuts at ends. If the rod cools down
to 229C, calculate the pull induced in the rod, if
(@) the walls do not yield and
(b) the total yield at ends is 1.5 mm
E steet= 2x105N/mm?, o steel = 11x10-6 per?C.
A)A metallic rod of 1 cm diameter, when tested under an axial pull of 10 kN
wasfound to reduce its diameter by 0.0003 cm. The modulus of rigidity for
the
rod is 51 KN/mm?Z. Find the Poisson’s ratio, modulus of elasticity and Bulk Modulus.

b) An aluminium bar 60 mm diameter when subjected to an axial tensile load

100 kN elongates 0.20 mm in a gage length 300 mm and the diameter is

decreased

by 0.012 mm. Calculate the modulus of elasticity and the Poisson’s ratio

ofthe material.

A specimen of diameter 13 mm and gauge length 50 mm was tested under tension. At 20 kN load,
the extension was observed to be 0.0315 mm. Yielding occurred at a load of 35 kN and the ultimate
load was 60 KN. The final gauge length at fracture was 70 mm. Calculate young’s modulus, yield

stress, ultimate strength and percentage elongation.
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Assignment
Questions

1. Determine the young’s modulus and Possion’s ratio of a metallic bar of length 25cm breadth 3cm depth
2cm when the beam is subjected to an axial compressive load 240KN. The decrease in length is given by
0.05cm and increase in breadth 0.002

2. Write the differences among Gradual, Sudden, Impact and Shock loadings with the help of expressions

3. A steel rod and two copper rods together support a load of 370 kN as shown in fig. The cross sectional
area of steel road is 2500 mm2 and of each copper road is 1600 mm?2. Find the stresses in the roads. Take E
for steel is 2x105 N/mm?2 and for copper is 1x10> N/mm?

4. A vertical tie, fixed rigidly at the top end consist of a steel rod 2.5 m long and 20 mm diameter encased
throughout in a brass tube 20 mm internal diameter and 30 mm external diameter. The rod and the casing
are fixed together at both ends. The compound rod is loaded in tension by a force of 10 kN. Calculate the
maximum stress in steel and brass. Take Es=2x10°N/mm? and Ep=1x105N/mm?2

5. A steel tube 50mm in external diamerter and 3mm thick encloses centrally a solid copper bar of 35mm
diameter. The bar and the tube are rigidly connected together at the ends at a temperature of 20 °C. Find
the stress in each metal when heated to 1700C. Also find the increase in length, if the original length of the
assembly is 350mm. Take as=1.08 x 105 per °C and a=1.7 x 10 -5 per °C. Take Es =2X105 N/mm?, Ec =1X105
N/mm?
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UNIT 2

SHEAR FORCE &
BENDING MOMENT

DIAGRAMS
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Course Objectives:

e To plot the variation of shear force and bending moments over the beams under
different typesof loads.

Course Outcomes:

e Draw the shear force and bending moment diagrams for the beam subjected to
differentloading conditions.
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UNITII
SHEAR FORCE AND BENDING MOMENT DIAGRAMS

Shear
force

The algebraic sum of the vertical forces at any section of a beam to the right or left of the section
isknown as shear force

Bending moment

The algebraic sum of the moments of all the forces acting to the right or left of the section is
known asbeading moment

Shear force and bending moment diagrams

A shear force diagram is one which shows the variation of the shear force along the length of
the, beam. And a bending moment diagram is one which shows the variation of the bending
moment alongthe length of the beam.

Important points for Shear force and bending moment

1.Shear Force (V) = equal in magnitude but opposite in direction to the algebraic sum
(resultant) of the components in the direction perpendicular to the axis of the beam of all
external loads and supportreactions acting on either side of the section being considered.

2. Bending Moment (M) equal in magnitude but opposite in direction to the algebraic sum
of the moments about (the centroid of the cross section of the beam) the section of all
external loads andsupport reactions acting on either side of the section being considered.

Notation and sign convention
1. Shearforce (V)
Positive Shear Force

A shearing force having a downward direction to the right hand side of a section or upwards to
the lefthand of the section will be taken as ‘positive’. It is the usual sign conventions to be
followed for the shear force. In some book followed totally opposite sign convention.

X
: \P
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The upward direction shearing force which is on the left hand of the section XX is positive shear
force
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The downward direction shearing force which is on the right hand of the section XX is
positiveshear force.

Negative Shear Force

A shearing force having an upward direction to the right hand side of a section or downwards to
theleft hand of the section will be taken as ‘negative’.

P X

X P

The downward direction shearing force which is on the left hand of the section XX is negative
shearforce.

The upward direction shearing force which is on the right hand of the section XX is negative
shearforce.

Bending Moment (M)
Positive Bending Moment

A bending moment causing concavity upwards will be taken as ‘positive’ and called as sagging
bending moment.

X

\g —IEI: ;\/ i C’t:_:’b ™

Sagging

X

If the bending moment of the left hand of the section XX is clockwise then it is a
positivebending moment.

If the bending moment of the right hand of the section XX is anti-clockwise then it
is apositive bending moment.

A bending moment causing concavity upwards will be taken as ‘positive’ and
called assagging bending moment

Negative Bending Moment
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X
>l | B
f:\ - C[::QD ™
N\ 1
-M \M | /_M
1
)'< Hogging

If the bending moment of the left hand of the section XX is anti-clockwise then it
is anegative bending moment.

If the bending moment of the right hand of the section XX is clockwise then it
is anegative bending moment.

Hogging
A bending moment causing convexity upwards will be taken as ‘negative’ and
calledas hogging bending moment.

Relation between S.F (Vx), B.M. (Mx) & Load (w)

v, _ -w (load)
dx

The value of the distributed load at any point in the beam is equal to the slope of the
shear force curve. (Note that the sign of this rule may change depending on the sign
convention used for the external distributed load).

—dMX — VX']
dx

The value of the shear force at any point in the beam is equal to the slope of the bending
moment curve.

Procedure for drawing shear force and bending moment diagram

Construction of shear force diagram

=

From the loading diagram of the beam constructed shear force diagram.

=

First determine the reactions.

=

Then the vertical components of forces and reactions are successively summed

from the left end of the beam to preserve the mathematical sign conventions

adopted. The shear at a section is simply equal to the sum of all the vertical
forces to the left of thesection.

The shear force curve is continuous unless there is a point force on the
beam. The curve then “jumps” by the magnitude of the point force (+ for
upward force).

When the successive summation process is used, the shear force diagram
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should endup with the previously calculated shear (reaction at right end of the
beam). No shear force acts through the beam just beyond the last vertical force
or reaction. If the shear
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force diagram closes in this fashion, then it gives an important check on
mathematical calculations. i.e. The shear force will be zero at each end of the
beam unless a point force is applied at the end.

Construction of bending moment diagram

The bending moment diagram is obtained by proceeding continuously
along thelength of beam from the left hand end and summing up the areas

of shear forcediagrams using proper sign convention.

The process of obtaining the moment diagram from the shear force
diagram by summation is exactly the same as that for drawing shear force
diagram from loaddiagram.

The bending moment curve is continuous unless there is a point moment

on the beam. The curve then “jumps” by the magnitude of the point moment

(+ for CWmoment).

We know that a constant shear force produces a uniform change in the
bending moment, resulting in straight line in the moment diagram. If no shear
force exists along a certain portion of a beam, then it indicates that there is no
change in momenttakes place. We also know that dM/dx= Vx therefore, from
the fundamental theorem of calculus the maximum or minimum moment
occurs where the shear is zero.

The bending moment will be zero at each free or pinned end of the beam. If
the endis built in, the moment computed by the summation must be equal to
the one calculated initially for the reaction.

A Cantilever beam with a concentrated load ‘P’ at its free end
Shear force:
At a section a distance x from free end consider the forces to the left,
then(Vx) = - P (for all values of x) negative in sign
i.e. the shear force to the left of the x-section are in downward direction and
thereforenegative.
Bending Moment:

- . 3 }
{ <
= F =
L 1
pvd . _ :
-P_Ir ~— -y ——— »
e ‘[ S.F. Dhaagrasn '
— - >
. — X B e 3
—

E_ M Diagrars
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Bending Moment
Taking moments about the section gives (obviously to the left of the section)
Mx = -P.x

(negative sign means that the moment on the left hand side of the portion is in
theanticlockwise direction and is therefore taken as negative according to the
sign convention)
so that the maximum bending moment occurs at the fixed end i.e.

Mmax = - PL(atx=L)

A Cantilever beam with uniformly distributed load over the whole length

When a cantilever beam is subjected to a uniformly distributed load whose
intensityis given w /unit length.
Shear force:
Consider any cross-section XX which is at a distance of x from the free end. If we
just take the resultant of all the forces on the left of the X-section, then
Vx=-w.x forall values of ‘x".

Atx=0, Vx=0

Atx =1L, Vx=-wL (i.e. Maximum at fixed end)
Plotting the equation Vx = -w.x, we get a straight line because it is a equation of a
straight line y
(Vx) =m(-w) x
Bending
Moment:
Bending Moment at XX is obtained by treating the load to the left of XX as a
concentrated load of the same value (w.x) acting through the centre of gravity at
x/2.Therefore, the bending moment at any cross-section XX is

y=——=° wi/unit length

'\M'L
L
7z
X wx 4 = X
Mx:(‘W-XJ-E:‘T e L ——=F
Ix
Therefore the variation of bending moment 15 according toparabolic luiv,
The extreme values of BM would he V T
tr=0 M= 3 »X
wl’ SF | -w
ads=L, M= el i
2 y
2
" wl
Maximum hending moment, max — — atfixedend »X
B.M 2

B.M Diagram

S.F and B.M diagram
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A Cantilever beam loaded as shown below draw its S.F and B.M diagram
In the region 0 <x<a

Following the same rule as followed previously. we get

V.=-P; and M, =-Px

In the regiona<x <L

V,=-P+P=0; andM,=-P.x+P(x-a)=Pa

Vv | ;
-p‘]”/(:')g *X
M 4 S.F.

X

Diagram |

— ! »X
/A _Pa
B.M Diagram i

S.F and B.M diagram

Example 1:A cantilever bean of 5 m length. It carries a uniformly distributed load 3

KN/m and a concentrated load of 7 kN at the free end and 10 kN at 3 meters
from thefixed end.
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7kN 10kN 3 kN/m
- Ky
=2 m-| /
< 5m -
Draw SF and BM diagram.
Answer:In the region0 <x<2m X
, , _ TkN |10kN 3 kN/m
Consider any cross section XX at a distance x from free end. i /
Shear force (Vx) = -7- 3x b e X
st - X 7
So. the variation of shear force 1s linear. ‘?’l é
b,
at x=0. Vy=-TkN | 5m =J|
at x=2m,Vz=-7-3x2=-13kN )I(
atpoint Z Vx=-T-3x2-10=-23 Kn k
L
2
Bending moment (M) = -7x - (3x). %= —3% —7X
So. the variation of bending force is parabolic.
atx=0, Mz=0
» 2
atx=2m. Mz=-Tx2-(3x2) X§=-20kNm
Intheregion2m<x<5m 10 kN : 3 kN/m
Consider any cross section YY at a distance x from free end . kNY - :
Shear force (Vx) =-7-3x—10=-17- 3x X
X

So. the variation of shear force is linear.

&
i

atx=2m. Vzx=-23 kN 5m o]
atx=5m. Vx=-32 kN

Bending moment (Mz) = - 7x — (3x) x(%] -10 x-2)

_ 3% 17x+20
2

DEPARTMENT OF MECHANICAL ENGINEERING
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So. the variation of bending force is parabolic.

atx=2m.Mx=—%‘f-'22—17:<‘2+20 =_20kNm

atx=5m, M:=-102.5 kNm

Y
.
10 kN 3 kN/m
7 kN 7
ZE
v
V, '
»X
-32 kN
»X

—ix’ -17x-20
2

B.M Diagram

A Cantilever beam carrying uniformly varying load from zero at free
end andw/unit length at the fixed end
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w/unit length

L
e i

Consider any cross-section XX which is at a distance of x from the free end.

T

w
At this point load (w=x) = r.x

= W—L

L
Therefore total load (W) = wadx = >
0

O ey [
r|=

Shear force (V, | = area of ABC (load triangle)
1(w ) wx?
= ——_| _ 1_x = —
2 Yl 2L
. The shear force variation is parabolic.
atx=0,V,_=0

atx=L,V, = —% i.e. Maximum Shear force (V,,_, ) =—

L at fixed end

Bending moment (VM |} = load = distance from centroid of triangle ABC

. The bending moment varation is cubic.
at x= 0, nM, =0
wil™ wi_

at x = L, M = — a iLe. Maximum Bending moment (M___ 1= ?at Tixed end.

v X
i I w/unit length
).
X

Z) _wx ,

Parabolic

S.F Diagram

‘ ]
MXT i wx— : |
' 6L~ ! -X
Y] 11 i
| wiz
(5]

B.M Diagram

A Simply supported beam with a concentrated load ‘P’ at its mid span
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el [ 2— st /12—

P
Considering equilibrium we get, R,= R = 3

Now consider any cross-section XX which is at a distance of x from left end A and section YY at a

distance from left end A, as shown in figure below.
Shear force:In the region 0 < x < L/2
Vz:=Ra=+P/2 (it is constant)

In the region L/i2 <x <L
P .
V:=Ra-P :E -P=-P/2 (it is constant)
Bending moment: In the region 0 < x < L/2

M:= —.x (its variation is linear)

2

atx=0, M:=0 and atx=L/2M: :? ie. maximum

_PL
4

Maximum bending moment, M max

In the region Li2 <x <L

P
Mz :E x—Plx-L2)=—- E X (its variation is linear)

2

PL
atK:UE_I‘fTJ:? and atx=L, M=z=0

at x = L/2 (at mid-point)

X
Y.‘. P Y
—i | 2
A _.l B X
Rs Ry
o |
|
V4 = !
i |
P12 7 |
-P/2
M, 1 S.F Diagram
PL
X

B.M Diagram
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A Simply supported beam with a concentrated load ‘P’ is not at its mid span
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P
a ste—b
]
[ L ‘P
I~ 1
L L Pb _Pa
Considering equilibrium we get, Ra= T and RB_T

Now consider any cross-section XX which is at a distance x from left end A and another section YY at
a distance x from end A as shown in figure below.

Shear force: In the range 0 <x<a

Vx=Ra= +T (it is constant)
Intherangea<x<L
Pa
Vz:=Ra-P=- T (it is constant)

Bending moment: In the range 0 <x<a
Pb e S R
M:=+Rax= T X (1t 1s variation 1s linear)
atx=0.M.=0 and am=a, M. =@ (1e. maximum)
Intherangea<x<L

Pb
M, =Rax - P(z- a)=--L—-.x-Px +Pa (Put b=L-a)

X\,
=Pa(l- Pa 1-=
=X

Pab
at x=a, M.=T and at x=L, M.,=0
Y " i
e 3 . b
A L A X
~ = Pa
Pb Ry = —
R,g- L - % | B L
—— |
1. L '{
o |
'T%/W i\
7 -Fa

M S.F Diagram
T * Pab
T

B.M Diagram
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A Simply supported beam with a uniformly distributed load (UDL)

throughout its length
wiunitlength
S 2
= L -

We will solve this problem by following two alternative ways.
(a) By Method of Section

Considering equilibrium we get Ra= R = ——

2
Now Consider any cross-section XX which is at a distance x from left end A

Then the section view X
'
.
|

A &_LLLLL_LLLL*
) Y

= x! V%
_w Y .
Shear force: Vx= 7—WX | wlunitlength
|
(i.e. S.F. variation is linear) A =| B . X
wL
wl R,|=— _wL
at x=0, Vx=7 A*—z—"—’lx RB-?
at x=L/2, Vx=0 : -
at x=1L, Vx=-& Via
2 wl
vx? 2 i
Bending moment: M = W—L.X .. wilL >X
S B
(i.e. BM. variation is parabolic) Mx‘
(—
at x=0, M:=0
)
at.x=1. Mz='0
w3
Now we have to determine maximum bending ’T
moment and its position. | »X
d(M d(M |
For maximum B.M: WM, ) =0 ie. V =0 W) _ Vv,
dx dx ]
Wt wx=0 or x £
or— — — —_— ——
2 2

J,"— ‘-\'\{’1
L T
:‘ -%,ME :‘
DEPARTMENT OF MECHANICAL ENGINEERING
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2
wil
Thereforemaximum bending 1110111ent.Mmax — Tat = =L1J/2
(a) By Method of Integration

Shear force:

We know that, - = —W

X
or d(V, ) =—wdx

wil
Integrating both side we get (at x =0, V- Z?)

v x
d(Vv, )=—|wd
[ dv,) !:wx

Bending moment:

d| M
M) _y,

x

We know that,
dx

or d{ﬁﬁx}zvxdx=r%—wx dix
N\ )

Integrating both side we get (at x =0, Vz =0)

A, X
[dm,)=T]| WL _wx |dx
o [ A 2 /
2
or A =W_L_X_K
* 2 2

Example 2 :Aloaded beam as shown below. Draw its S.F and B.M diagram

3000N
200N/m y

Yy ¥ 0 A

Raile  4am am RS

Considering equilibrium we get

>_M_=0 gives
-(200x4)=x2—-3000x4+Rg x8=0
or R, =1700N

And R, +Rg=200x4+3000
or R, =2100N

Now consider any cross-section XX which is at a distance X' from left end A and
as shown in figure

oL
|

_)5; \';j%
i gy |
o 8¢

SOEESEX DEPARTMENT OF MECHANICAL ENGINEERING
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Yi X |3000N
boomy 4
0ON/m!

|
J [
ey oL
x—= ;
4mx—>--=——4m4:—a-
X =Y

In the region 0 < x <4m

Shear force (Vzx) = Ra— 200x = 2100 - 200 x

Bending moment (Mx) = Ra x— 200 x j % =2100x-100 x2
at = =0, Vz= 2100 M, Mz=0
at x=4m, Vz=1300N, Mx = 6800 W m

In the region 4 m<x <8 m
Shear foree (Vz) = Ra - 200 =4 — 3000 = -1700
Bending moment (M:) = BEa. x - 200=< 4 (x-2) — 3000 (=- 4)

= 2100 x — 800 x + 1600 — 3000=x +12000 = 13600 -1700 x

atx =4 m, V==-17T00 N, Mz = 6800 Nm
at =8 m. V==-17T00 N, M:=0
Ya X |3000N
200N /m i
v v ! i
A : 1 B =SNS  4
X—= :
l=— AN —=>=—4m 4—>
x =Y
Vx\
2100 N 1300 N
> X
-1700 N -1700 N

S.F Diagram

F’arapo,i\é

B.M Diagram
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Shear force and bending moment diagrams for over-hanging beams

If the end portion of a beam is extended beyond the support, such beam is known as
overhanging beam. In case of overhanging beams, the B.M. is positive between the two
sup- ports, whereas the S.M. is negative for the over-hanging portion. Hence at some
point, the

B.M. is zero after changing its sign from positive to negative or vice-versa. That point is
known as the point of Contraflexure or point of inflexion

Point of Contraflexure:

[t is the point where the B.M. is zero after changing its sign from positive to negative or
vice-versa.

Overhanging Beam Subjected to a Concentrated Load at Free End
Draw shear force and bending moment diagram for the cantilever beam shown in Fig.
- 20 kN 40 kN
{ 20 kN/m
Al_im _gj 2m C

J
S
| |

(a) Load Diagram

dotution: voruon AB:
At distance x, from A,
F = -20 =20 x. linear variation.
At x=0, F,=-20kN
At x=1, Fp=-20-20 x 1 =-40 kN.

X ; e
M = -20x -20x - 5 parabolic variation

At x=0, M,=0

At X

Portion BC:
Measuring x from A,

= — 30 kN-m.

N =

1 m My=-20-20x% 1 X

F = =20 — 40 — 20x, linear variation.
At x=1m, Fp=-80kN
At x=3m, F=-120 kN.

X
M = -20x —40(x — 1) —20x . - parabolic variation;

At x=1m, M=-30kN-m
3
At xXi=_3'm; M=—60—40><2—20><3><;
FRX, = —230 kN-m

i "

b PR A

SF 8¢
SOEESEX DEPARTMENT OF MECHANICAL ENGINEERING
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Hence SFD and BMD are shown in Fig. 9.37(b) and 9.37(c) respectively.

20 kN 40 kN
L

Al 1im BEL 2m & C

20 kN/m

{a) Load Diagram

120

Statically determinate & Statically Indeterminate beams

Beams for which reaction forces and internal forces cannot be found out from static equilibrium
equations alone are called statically indeterminate beam. This type of beam requires
deformationequation in addition to static equilibrium equations to solve for unknown forces.

Statically determinate - Equilibrium conditions sufficient to compute reactions.
Statically indeterminate - Deflections (Compatibility conditions) along with equilibrium

equationsshould be used to find out reactions.
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Tutorial Questions

1. A cantilever of length 2.0 m carries a uniformly distributed load of 1 kN/m run over a
lengthof 1.5 m from the free end. Draw the shear force and bending moment diagrams
for the cantilever.

2. An overhanging beam ABC of length 7 m is simply supported at A and B over a span of 5
m and portion BC overhangs by 2 m. Draw the shearing force and bending moment
diagrams abd determine the point of contra-flexure if it is subjected to uniformly
distributed loads of 3 KN/m over the portion AB and a concentrated load of 8 kN at C.

3. A beam of span 10m is simply supported at two points 6m apart with equal over-
hang oneither side. Both the overhanging portions are loaded with a uniformly

distributed load of 2 kN/m run and the beam also carries a concentrated load of
10 N at the midspan. Construct the SF and BM diagrams and locate the
pointsof inflexion, if any.

4. Sketch the shear force and bending moment diagrams showing the salient values for the
loaded beam shown in the figure below.

s = =2 =N

ANy, % t | U

O - - o o, * g T o e
I . N
- 1 : ) a1

5. A Simply supported beam of span,9 m hL of 15 KN/m over 4 m from the left support and
a concentrated load of 20KN at the center. Draw SF and BM diagrams

6. A Beam of length 12m is supported at left end and the other support is at a distance of
8m from the left support leaving a overhanging length of 4m on the right side.It carries a
UDL of 10 KN/m over the entire length and a concentrated load of 8 KN at the right
extreme end. Draw the shear force and bending moment diagrams and find the position
of Contra flexure point

7. DrawtheB.M.DandS.F.D

40KN 40KN
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Assignment Questions

1. A cantilever beam of 2 m long carries a uniformly distributed load of 1.5kN/m over
a length of 1.6 m from the free end. Draw shear force and bending moment
diagrams forthe beam

2. A simply supported beam 6 m long is carrying a uniformly distributed load of 5kN/m
overa length of 3 m from the right end. Draw shear force and bending moment
diagrams for the beam and also calculate the maximum bending moment on the
beam

3. A simply supported beam of 16m long carries the point loads of 4KN, 5KN and 3KNat
distances 3m, 7m and 10m respectively from the left support. Calculate the
maximum shear force
and bending moment. Draw the SFD and BMD.

4. A horizontal beam of 10m long is carrying a uniformly distributed load of 1kN/m.
Thebeam is supported on two supports 6m apart. Find the position of supports,
so that bending moment on the beam is small as possible. Also draw the SFD &
BMD for thebeam

5. A beam of length I carries a uniformly distributed load of w per unit length. The beam
is supported on two supports at equal distances from the two ends. Determine the
position of the supports, if the B.M, to which the beam is subjected to, is as small as
possible. Draw the SFD & BMD for the beam.

6. A simply supported beam of length 10m, carries the uniformly distributed load
and two point loads as shown in Fig.(2) Draw the S.F and B.M diagram for the
beam and also calculate the Maximum bending moment

S0kN 16 kNim 40 kN
A CLAA,{,‘A,\,\JD 8

4—2m ~P————4m O 4m —
n i0m

Fig.(2)
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UNIT 3
FLEXURAL & SHEAR

STRESSES
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Course Objectives:
e Tounderstand the behavior of beams subjected to shear loads.
Course Outcomes:

e Evaluate stresses induced in different cross-sectional members subjected to shear
loads.
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UNIT III

Stresses in Beams

As seen in the last chapter beams are subjected to bending moment and shear forces which vary
from section to section. To resist them stresses will develop in the materials of the beam. For the
simplicity in analysis, we consider the stresses due to bending and stresses due to shear
separately.

Under compression

Neutral

layer f I g;ilsltral

Under tension

(a) Sagging moment case

Under
tension Neutral

___________ g 3 A Neutral
""""""""""" T T axis

L Unde.r

compression

(b) Hogging moment case

Fig. 1. Nature of Stresses in Beams

Due to pure bending, beams sag or hog depending upon the nature of bending moment as
shown in Fig. 10.1. It can be easily observed that when beams sag, fibres in the bottom side
get stretched while fibres on the top side are compressed. In other words, the material of the
beam is subjected to tensile stresses in the bottom side and to compressive stresses in the upper
side. In case of hogging the nature of bending stress is exactly opposite, i.e., tension at top and
compression at bottom. Thus bending stress varies from compression at one edge to tension at
the other edge. Hence somewhere in between the two edges the bending stress should be zero.
The layer of zero stress due to bending is called neutral layer and the trace of neutral layer in
the cross-section is called neutral axis [Refer Fig. 1].

ASSUMPTIONS

Theory of simple bending is developed with the following assumptions which are reasonably acceptable:
(i) The material is homogeneous and isotropic.

(if) Modulus of elasticity is the same in tension and in compression.
(iii) Stresses are within the elastic limit.

(iv) Plane section remains plane even after deformations.
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(v) The beam is initially straight and every layer of it is free to expand or contract.

(vi) The radius of curvature of bent beam is very large compared to depth of the beam.
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BENDING EQUATION

There exists a define relationship among applied moment, bending stresses and bending
deformation (radius of curvature). This relationship can be derived in two steps:

(i) Relationship between bending stresses and radius of curvature.
(ii) Relationship between applied bending moment and radius of curvature.
(i) Relationship between bending stresses and radius of curvature: Consider an elemental

length AB of the beam as shown in Fig. 2(a). Let EF be the neutral layer and CD
the bottommost layer. If GH is a layer at distance y from neutral layer EF, initially AB
= EF=GH = CD.

R
A B
E F 3¢E
G H T
C D
(@ (b)
Fig. 2
Let after bending 4, B, C, D, E, F, G and H take positions AR, B, CE, D&, ER, F&, G& and HE
respectively as shown in Fig. 2(b). Let R be the radius of curvature and @ be the angle subtended
by CB Al and DEIBE at centre of radius of curvature. Then,
EF = ERFB, since EF is neutral axis
= RA ()
Strain in GH = Final length - Initial length
Initial length
_
GH
But GH = EF  (The initial length)
= RO
and GRHB = (R +y)
> o _ (R
Strain in layer GH =
RO
_J .
T2 ..(ii)
Since strain in GH is due to tensile forces, strain in GH = .. (iii)
f/E

where f is tensile stress and E is modulus of elasticity.

From eqns. (ii) and (iii), we
get
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R or gk (1)
y
(if) Relationship between bending moment and radius of curvature: Consider an elemental area
Ba at distance y from neutral axis as shown in Fig. 3.
| | :
T
Fig. 3
From eqn. 1, stress on this element is
E .
=— (i
f=ey 0
Force on this element
E
= — y @a
R y
Moment of resistance of this elemental force about neutral axis
_E yBay —
R
E
= y?0Ha —
R

Total moment resisted by the section M is given by

mne =Z iyz Ba

—E :
= RZyZa

From the definition of moment of inertia (second moment of area) about centroidal
axis, we know
I = By? Ba

M =£ I
R
From equilibrium condition, M = MB where M is applied moment.
M = E_I
R
M _E
/R or —B— -(2)

From eqns. (10.1) and (10.2), we
get

M
| (3)

[=N)]
< |

=
o |
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where M =bending moment at the section
I = moment of inertia about centroid axis
f =bending stress
y =distance of the fibre from neutral axis
E = modulus of elasticity and
R = radius of curvature of bent section.
Equation (3) is known as bending equation.

LOCATING NEUTRAL AXIS

Consider an elemental area Ba at a distance y from neutral axis [Ref. Fig. 3].
If /" is the stress on it, force on it = f Ba

E
But f= _y, from eqn. (1).
R

Force on the element = y Ba

Hence total horizontal force on the beam

= Z iya

E
= —By Ba
R y
Since there is no other horizontal force, equilibrium condition of horizontal forces gives

E
—ByBa=10

R
E
As — is not
R Zero,
By Ba = ..(1)
0
If A is total area of cross-section, from eqn. (i), we get
X -y (I
(1)
A

. . . ByBla .
Noting that BlyBfa is the moment of area about neutral axis, should be the distance of

A
) . BAyla L .
centroid of the area from the neutral axis. Hence = 0 means the neutral axis coincides with

A
the centroid of the cross-section.
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MOMENT CARRYING CAPACITY OF A SECTION From

bending equation, we have

Me f _
Ly
. M
ie. f=—y ()
1
Hence bending stress is maximum, when y is maximum. In other words, maximum stress
occurs in the extreme fibres. Denoting extreme fibre distance from neutral fibre as yp.x
equation (i) will be
M .
fmax = I - ymax (”)
In a design f.x is restricted to the permissible stress in the material. If f. is the
permissiblestress, then from equation (if),
M
fper = 1 — Vmax
I
M = fper
ymax

The moment of inertia I and extreme fibre distance from neutral axis y,,x are the properties of

section. Hence ! is the property of the section of the beam. This term is known as modulus of
ymax
section and is denoted by Z. Thus

I
Z= — (4)
ymax
and M = foer Z (5)

Note : If moment of inertia has unit mm* and y,_ . has mm, Z has the unit
mm?.

The eqn. (5) gives permissible maximum moment on the section and is known as moment
carrying capacity of the section. Since there is definite relation between bending moment and
the loading given for a beam it is possible to find the load carrying capacity of the beam by
equating maximum moment in the beam to moment carrying capacity of the section. Thus

My = fper A (6)

If permissible stresses in tension and compressions are different for a material, moment
carrying capacity in tension and compression should be found separately and equated to
maximum values of moment creating tension and compression separately to find the load
carrying capacity. The lower of the two values obtained should be reported as the load
carrying capacity.

SECTION MODULI OF STANDARD SECTIONS

Section modulus expressions for some of the standard sections are presented below:
(i) Rectangular section: Let width be ‘b’ and depth be ‘d’ as shovIvn in Fig. 4.
Since N-A is in the mid depth Z =

ymaX: d/2
1
1 -



ymax

1/
12
bd
3 N
d/2
ie. Z = 1/6 bdz
.(10.7)
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9]

d2

Fig. 4
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e
(ii) Hollow rectangular section. Figure 5 shows a

typical hollow rectangular section with symmetric 'y

opening. Forthis, Yihax < b »> 2
3 _ 1
I = BD ‘bldzi_(BD3_bd3) G i
12 12 A N *
D/2

1 (BD3 @ bd3) 2

Z= - v

Vima 12 D/2
z- 1BD 0 bd Fig. 5

3

(108
j (
6

D

(iii) Circular section of diameter ‘d’. Typical section is shown in Fig. 6. For this,

= d4
64 max F d/2 d
Ymax = d/2 A N G
7] 4
, e /)
' " Vma d Fin G
X /2 18.
ie., Z-= e d3
32
(iv) Hollow circular tube of uniform section. Referring to Fig. 7,
[ = a@ D il g4
64 64 P N Yrpax .
= D -d -
o4 ( ) 5 .
Ymax= D/2
I D* @ d*+
;- ( )
Ymax 64 D/ Fig' 7
2

D+ @ d*

Le., = 39 D ..(9)

(v) Triangular section of base width b and height ‘h’. Referring to Fig. 8,
bh3 A A
I= N
36
2 max = 2h/3
Ymax = 3_ h S
I 3 G A
7o 1+ phhi/36 N . v
Yma  2/3h
bh? ;
.e., Z= vl e
ie 24 0)
Fig. 8

Example 1. A simply supported beam of span 3.0 m has a cross-section 120 mm x 180 mm.
If the permissible stress in the material of the beam is 10 N/mmZ, determine



SOM Notes
Dept of Mechanical Engg.

Lect. N Bikash Rao

(iy maximum udl it can carry
(if) maximum concentrated load at a point 1 m from support it can
carry.Neglect moment due to self weight.
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Solution:
1
Here b=120mm, d =180 mm, I= ~ pas, y = °
12 2
1
Z = bd?
6
1 7] 7] 2
= 120 @180 . = 648000 mm3
fper = 10
N/mm?2
Moment carrying capacity of the
section
= fper x Z
wL2
In this case, we know that maximum moment occurs at mid span and is equal to;8
Moy =
Equating it to moment carrying capacity, we get,
=10 x 648000 N-mm w/
(i) Let maxmnfuB2udl beagm can carry be w/metre length as shown in Fig. 9.
g = 10 = 10 x 648000
w = 5.76 kN/m. I I
(ii) Concentrated load at distance 1 m from the [ o g
sup-port be P kN. Referring to Fig. 10. Fig. 9
M :PabP12 .
L 3 l
2P
= __ kN-m A 3
3 <—a—-—lm—>|< b=2m >
P ‘ ,
3 -
mm Fig. 10
Equating it to moment carrying capacity, we get
2P -
= 10 x 648000
106
3
P = 9.72 KN-m.

Example 2. A circular steel pipe of external diameter 60 mm and thickness 8 mm is used as a
simply supported beam over an effective span of 2 m. If permissible stress in steel is 150 N/mm?,
determine the maximum concentrated load that can be carried by it at mid span.

Solution:
External diameter D = 60 mm
Thickness = 8 mm

60 rirm l

A
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(@ (b)
Fig. 11

Internal 60 - 2 x 8 = 44 mm.
diameter

B (604 - 44%) = 452188 mm
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YVmax = 30 mm.

7o —L 5452188 _ 15073 mms.
ymax 30

Moment carrying capacity
M = foer Z = 150 x 15073 N-mm.

Let maximum load it can carry be P kN.

PL
Then maximum moment =
4
_PE2 N
7 -m
= 0.5 P x10¢ N-mm.
Equating maximum bending moment to moment carrying capacity, we get
0.5P x 106 = 150 x 15073
P = 4.52 kN.
Example 3: Figure 12 (a) shows the cross-section of a cantilever beam of 2.5 m span. Material
used is steel for which maximum permissible stress is 150 N/mm?2. What is the maximum uniformly
distributed load this beam can carry?
Solution: Since it is a symmetric section, centroid is at mid depth.
I = MI of 3 rectangles about centroid
|<—}80mm—’| 10 mm
[ IZ—/ =%
I\ 400 mm
N—10 mm
w/m = ?
| = v < 2t #I
10 mm
(@) (b)
Fig. 12
-1 m1som10® + 180 x 10 (200 - 5)2
12
1
+ __[@10@ (400 @ 20)3 + 10 x (400 - 20) x 02
12
1
+ _x 180 x 103 + 180 x 10 (200 - 5)2
12
= 182.6467 x 10® mm*
[Note: Moment of above section may be calculated as difference between MI of rectangle of size 180 x
400 and 170 x 380. ie.,
1 1
] = — x 180 x 4003 - _ @170 @ 3803

12 12
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Ymax = 200 mm.

1 182.6467
) = — . = 913233 mm3.
max (%
200
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Moment carrying capacity

= fper x Z
180 x 913233
136985000 N-mm.

If udl is w KN/m, maximum moment in cantilever

= wlL = 2w kKN-mm
= 2w x 106 N-mm
Equating maximum moment to movement carrying capacity of the section, we
get2w x 106 = 136985000
w = 68.49 KN/m

Example 4. Compare the moment carrying capacity of the section given in example 10.3 with
equivalent section of the same area but

(i) square section
(i) rectangular section with depth twice the width and
(iii) a circular section.
Solution:
180 x 10 + 380 x 10 + 180 x 10
7400 mm?

Area of the section

(i) Square section

If ‘@’ is the size of the equivalent square section,
az = 7400 a = 86.023 mm.
Moment of inertia of this section

x 86.023 x 86.0233 _

12
= 4563333 mm?*
I = 106095.6 mm3
4563333 — @ mm
Yimax 86.023/2

Moment carrying capacity = fZ = 150 x 106095.6
= 15.914 x 10® N-mm
Moment carrying capacity of I section 136985000

=
Moment carrying capacity of equivalent square = 159147106

section = 8.607.

(if) Equivalent rectangular section of depth twice the

width.Let b be the width
Depth d = 2b.
Equating its area to area of [-section, we get
b x 2b = 7400
b = 60.8276 mm
Ymax= d/2 = b = 60.8276

V- I 150 blEZb)3
yma
12
8
= 150 x — b3 =150 x 3 x 60.82763

12 12
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= 22506193 N-mm.

Moment carrying capacity of 1
section 136985000 = 6.086.

Moment carrying capacity of this §250619

=

section
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(iii) Equivalent circular

section.Let diameter be d.

Bd?
Then, 4 = 7400
d = 97.067
1= 7 as
64
ymax = CI/2
7 = I d3
7]
Vmax 32
M = foer 322: 150 x  « 97.0673 = 13468024
Moment carrying capacity of I section =10.17.
136985000
Moment carrying capacity of circular section 13468024
[Note. I section of same area resists more bending moment compared to an equivalent square, rectangular
or circular section. Reason is obvious because in /-section most of the area of material is in heavily
stressed zone.]
Example 15. A symmetric I-section of size 180 mm x 40 mm, 8 mm thick is strengthened with
240 mm x 10 mm rectangular plate on top flange as shown is Fig. 13. If permissible stress
in the material is 150 N/mm?, determine how much concentrated load the beam of this section
can carry at centre of 4 m span. Given ends of beam are simply supported.
Solution: Area of section A
=240 x 10 + 180 x 8 + 384 x 8 + 180 x 8 = 8352 mm?
246 mm—>
[ ] :+_—10 mm
| — %
8 mm thick
400jmm
I ] ¥
|<—1-89—m-m—>|
Fig. 13

Let centroid of the section be at a distance y from the bottom most fibre. Then
A y =240 x10 x 405 + 180 x 8 x (400 - 4) + 384 x 8 x 200 + 180 x 8 x 4

ie., 8352 y = 2162400
y = 2589 mm
112= x 240 x 103 + 240 x 10 (405 - 258.9)2

+ x 180 x 83 + 180 x 8 (396 - 258.9)2
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12

1
+ 77 x 8 x 3843 + 8 x 384 (200 - 258.9)?

" 1i180 B8 + 180 x 8 (4 - 258.9)°
2



SOM Notes
Dept of Mechanical Engg.

Lect. N Bikash Rao

220.994 x 106 mm*

Yiop = 405 - 258.9 = 146.1 mm
Vbottom = 258.9 mm.
Vmax = 258.9 mm
I 5 220994
Z= — 06 = 853588.3
f‘“a 258.9

Moment carrying capacity of the section

= fper Z = 150 x 853588.3
128038238.7 N-mm
128.038 kN-m.

Let P kKN be the central concentrated load the simply supported beam can carry. Then
max bending movement in the beam

PA4
= P kN-m

Ll

Equating maximum moment to moment carrying capacity, we get
P = 128.038 KkN.

Example 6. The cross-section of a cast iron beam is as shown in Fig. 14(a). The top flange is in
compression and bottom flange is in tension. Permissible stress in tension is 30 N/mm? and its
value in compression is 90 N/mmZ2. What is the maximum uniformly distributed load the beam
can carry over a simply supported span of 5 m?

Solution:

Cross-section area A =75x50+ 25 x 100 + 150 x 50
= 13750 mm?
Let neutral axis lie at a distance” y from bottom most fibre. Then
Ay =75 x50 x 175 + 25 x 100 x 100 + 150 x 50 x 25
13750 xy = 1093750
y =79.54 mm

|<—75—m—m—>|

rl‘

100|mm

>l

50 mm

(@ (b)
Fig. 14
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1
1 I'= — x 75 x 503 + 75 x 50 (175 - 79.54)2
1
+ __x 25 x 1003 + 25 x 100 (100 - 79.54)2
12
1
+ __x 150 x 503 + 150 x 50 (25 - 79.54)2
12
= 61.955493 x 106 mm*.
Extreme fibre distances are
Ybottom = y = 79.54 mm.
Yeop = 200 -y = 200 - 79.54 = 120.46 mm.
Top fibres are in compression. Hence from consideration of compression strength, moment
carrying capacity of the beam is given by
I
M; = fper in compression ——
Ytop
X
61.955493 @106
=90 x
120.46
= 46.289178 x 106 N-mm
= 46.289178 KN-m.
Bottom fibres are in tension. Hence from consideration of tension, moment carrying
capacity of the section is given by
. .1
M; = fher in tension
x Ybotto
30 @ 61.955493 @106
B 79.54
= 21.367674 x 106 N-mm
= 21.367674 kN-m.
Actual moment carrying capacity is the lower value of the above two values. Hence
momentcarrying capacity of the section is
= 21.367674 kN-m.
12 Maximum moment in a simply supported beam subjected to udl of w/unit length and span L is
w
- —
Equating maximum moment to moment carrying capacity of the section, we get maximum
loadcarrying capacity of the beam as
52
W x = 21.367674 2
8

w = 6.838 kN/m.
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SHEAR STRESS DISTRIBUTION

Expression for Shear Stress

Consider an elemental length ‘Blx’ of beam shown in Fig. 15 (a). Let bending moment at section A-
A beM and that at section B-B be M + @M. Let CD be an elemental fibre at distance y from neutral
axis and its thickness be By. Then,

Bending stress on left side of elemental fibre

M
= y
I

M + M

NE===""
N

(@ (b)

D
>
o
M
T ybdy —»q M +15M yb dy
>
R
>
f

=

©

Fig. 15

The force on left side of element

M
= ybhy

I

Similarly, force on right side on elemental fibre

Unbalanced horizontal force on right side of elemental fibre

7| [? M
_mMBeM y by - "y by
I I
aM
=, iy

There are a number of such elemental fibres above CD. Hence unbalanced horizontal
force on section CD
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) Jyt dM

;] yby

aAM |ve
Jyt dy ybhdy=", ]yybdy
Let intensity of shearing stréss on element CD be q. [Refer Fig. 15 (c)]. Then equating
resisting shearing force to unbalanced horizontal force, we get

3
qbBx= .{Wliybdy
M 1 |
q= 5x ﬁ]yybdy
As Bx @ 0, q = dﬂi(ayﬂ

dx bl

where ay = Moment of area above the section under consideration about neutral axis.

dM
But we know =F

dx

F
q= .(11)

(a7)

17
The above expression gives shear stress at any fibre y distance above neutral axis.

Variation of Shear Stresses Across Standard Sections

Variation of shear stresses across the following three cases are discussed below:
(i) Rectangular
(ii) Circular and

(iii) Isosceles triangle.
(i) Rectangular section. Consider the rectangular section of width ‘b’ and depth shown in
Fig. 10.18(a). Let A-A be the fibre at a distance y from neutral axis. Let the shear force

on the section be F.

Parabolic
a2 A A__ variation
Iy
T Qmax = 1.5 Gay
ji

@ (b)

Fig. 16

From equation (11), shear stress at this section is

F

q = (ay)
I
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where (ay) is the moment of area above the section about the neutral axis. Now,
a=b(d/2 - y)
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gy - — (/2 = y) = /2 +y)
, —
_b d/2
ay—gg/ - Y) X (d/2 +y)
b ?
2
(d?/4 - y?)
1
1= _
1
2 bas
B F b
o1, 2 9= ——— (@4 - )
12
6F
= — (@/4 -y
This  shows  shear stress varies
parabolically.When y=084d/2, q=0
d° F
_ 6F =1.5
At - 0, -_— —— — . —
4 qua bd3 4 bd
= 1.5 qu
F .
where ¢, = —Is  average shear
bd stress.

Thus in rectangular section maximum shear stress is at neutral axis and it is 1.5 times
average shear stress. It varies parabolically from zero at extreme fibres to 1.5 g,, at mid
depth as shown in Fig. 16(b).

(ii) Circular section. Consider a circular section of diameter ‘d’ as shown in Fig. 17(a) on
which a shear force F is acting. Let A-A be the section at distance y’ from neutral
axis at which shear stress is to be found. To find moment of area of the portion
above A-A aboutneutral axis, let us consider an element at distance ‘Zz’ from neutral
axis. Let its thickness be dz. Let it be at an angular distance @ and A-A be at angular
distance @ as shown in figure.

le—br2—re—br2—
*dz Parabolic
/ T D, 2 variation

L max = 4/3 \4
Neytral Amax =4/3 da
aXis dr2
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(a) (b)

Fig. 17



Width of element

2
=d cos
Area of
element
d
a=bdz =d cos [ -
2
= cos
2
Moment of this area about neutral axis
= area x z
= cos
2

d
b=2" cos@
d
Z=_sin @
2
d
dz = _ cos [ dBI
2

the
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— cos [ dB

2
d_ 2@ dm
2
d_ 2 n Esin
am 2
d3

cos
4
Moment of area about section A-A about neutral axis

(ay) =

2 .
sin @ dA

cos? [ sin @ dB

B/2
a3 '@ cos3 y/

403 L,

Now
64

bl

d3

_ 16

]@/2317

3

[Since if cos B = t, dt = - sin @ d& and - vt3/3 is integration]

3
(a_) = d f cos? cos3
y —

— cos3
12
d
I=
F p—
9= — (ay)
L cos3
d cos £ dl4
264
3
6_4_ F
1 Ad?
2
_____F
Ad?



[1 - sin2 @]
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Hence shear stress varies
parabolically.
At y=04d/2, q=0 F
16
y=0, qzqmaxz?d2
F
3 @/4d?
F —_——
3 Area
_ 4
5 - qav'
where q,, = average shear stress.
Thus in circular sections also shear stress varies parabolically from zero at extreme edges to the
maximum value of& qay at mid depth as shown in Fig. 17(b).
3
(iii) Isosceles triangular section. Consider the isosceles triangular section of width ‘b’ and
height ‘h” as shown in Fig. 18(a). Its centroid and hence neutral axis is atM from top
3
fibre. Now shear stress is to be found at section A-A which is at a depth ‘y’ from top fibre.
]
=
2y/3
h2
2H/3 2n/3
Qmax = 1.50ay
Ge
hi3 Ycentroid = 4/3qav
v
le b »l
* B gl
(@) )]
Fig. 18
At A-A width b ="b
Area above A-A a= % bRy
_1b ,
2h °
Its centroid from top fibre is at_zy.
. . . 2h _ 2y
Distance of shaded area above the section A-A from neutral axisy = .
3 3
1b
ay ==" 2 2h 2y
2h 3 3]

ment of inertia of the section
Mo
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1b ,
E h -
3hy( y)

bh

3

36



Shear stress at A-
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Thus in isosceles triangular section shear stress is zero at extreme fibres, it is maximum of 1.5

A F
q= ay
bl
_ F 1b L
v bh3 3 h
bx 36
12 F
= —y(h-y)
bh3
Hence at y =0, q=20
At y=nh, q=
At centroid, y = ﬁ
3
q=12F2h(h—2h/3) -
bh3 3
_ 8 F 4 F o -
3bh 3 1/2bh
4
- q 3 av
where gq,, is average shear stress.
dq
For q ’ =0
v A
ie 12F
€. — (h-2y)=0
o3 (h - 2y)
ie, at y=h/2
and hence q _12F h (h-h/2)
max bh3 ' 2
_12F _ 3F
4 bh bh
_15F
1/2 bh
= 1.5 qu-
an

?}t mid depth and has a value g = at neutral axis. The variation of shear stress is as shown in

3
Fig. 18(b).

A\
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SHEAR STRESSES IN BUILT-UP SECTIONS

In sections like I, T and channel, shear stresses at various salient points are calculated and the
shear stress variation diagram across depth is plotted. It may be noted that at extreme fibres
shear stress is zero since (a y ) term works out to be zero. However it may be noted that the
procedure explained below is for built up section with at least one symmetric axis. If there is
no symmetric axis along the depth analysis for shear stress is complex, and that is treated
beyond the scope to this book.

Example 7. Draw the shear stress variation diagram for the I-section shown in Fig. 10.21(a) if
it is subjected to @ shear force of 100 kN.

|<—1-80—m-m—>|
, Yy __ 19.217
10 mm
—> 400{mm
10 mm
10 mm
h 4
[ I A
A
e »
(a) (b)
Fig.
19

Solution: Due to symmetry neutral axis is at mid depth.

— x 180 x 103 + 180 x 10 x (200 - 5)2

1
+ _x 10 x 3802 + 10 x 380 x (200 -200)2

12
1
+ __x 180 x 103 + 180 x 10 x (200 - 5)2
12 B
= 182.646666 x 10® mm*
Shear stress at y = 200 mm is zero since ay = 0.
Shear stress at bottom of top flange
F

= (ay) — -
bl

_ 100 21000 2 (180 @10 @195)

180 @182.646666 2106

1.068 N/mm?2

Shear stress in the web at the junction with flange
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100@1000
= (180 x 10 x 195)

10 @182.646666 @106

19.217 N/mm?2
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Shear stress at N-
A 100 @ 1000 I

180 210 @195@10 @ (200 @ 10) m¥
10 B1182.646666 L 2
= 29.10 N/mm2,
Symmetric values will be there on lower side. Hence shear stress variation is as

shown in Fig. 19(b).

Example 8. A beam has cross-section as shown in Fig. 20(a). If the shear force acting on
thisis 25 kN, draw the shear stress distribution diagram across the depth.

|<—l—29'ﬁﬁ1‘ﬁ—"

v 2,9N/mm’
[ ]

29 N/mm’
12 mm

31.17 N/mm’
—{— 120|{mm

12 mm

(@) )
Fig. 20

Solution: Let y be the distance of centroid of the section from its top fibre. Then

. Moment of area about top fibre

Y= Total area
120@12 @ 6 + (120 12)12]12M
- 1208128 (120 212) @12
= 34.42
mm
Moment of inertia about centroid
1
I= — x 120 x 123 + 120 x 12 (34.42 - 6)2

12
1 - 3 J 108 2
p X er108 - +12x108 34420 |
= 2936930 mm*

Shear stresses are zero at extreme

fibres.Shear stress at bottom of flange:

Area above this level, a = 120 x 12 = 1440

mmZ2Centroid of this area above N-A

y = 3442 - 6 = 2842 mm

Width at this level b = 120 mm.
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_ __25[@1000
Gbottom of 120 x 1440 x 28.42
flange 2936930

= 2.90 N/mm?

Shear stress at the same level but in web, where width b = 12 mm
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- —2>01000 x 1440 x 28.42
12

2936930

29.0 N/mm?
Shear stress at neutral

axis:
For this we can considér a y term above this section or below this section. It is
convenient to consider the term below this level.
a=12 x (120 - 34.42) = 1026.96 mm?
The distance of its centroid from N-A

.
12003442 42.79 mm.

Width at this section b = 12 mm.

2531000

=
12 B 2936930 q x 1026.96 x 42.79

= 31.17 N/mm?

Hence variation of shear stress across the depth is as shown in Fig. 10.22(b).

Example 9. The unsymmetric I-section shown in Fig. 21(a) is the cross-section of a beam,
which is subjected to a shear force of 60 kN. Draw the shear stress variation diagram across the

depth.
_ le—100mm—»] i 2
= 2.61 N/mm 2
13.03 N/mm 20
ry
20 mm
t
_’ 1_
w | ] 1837 N/mm’
200[mm
| |20
20 2
B 15.24 N
2.04N/mm’ Zy = /mm
[ 50—
@ (b)
Fig. 21

Solution: Distance of neutral axis (centroid) of the section from top fibre be y,. Then

] 260
100 @ 20 B10 @ (200 B 20 @ 20) @20 @ )20 &
2]

@150 @20 @ (200 210)
t 1008202160 @20 @150 @ 20

=111 mm

I= — x 100 x 203 + 100 x 20 (111 - 10)2
12
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12

12

+ 1 %20 x 1603 + 160 x 20 (111 - 100)?

+ 1 %150 x 203 + 150 x 20 (111 - 190)?
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= 46505533 mm*

Shear stress at bottom of top flange
F
bl
6021000

=00 x 100 x 20 x (111 - 10)

46505533

2.61 N/mm?

Shear stress at the same level, but in
web x 100 x 20 (111 - 10)
6021000

20
46505533

13.03 N/mm?

Shear stress at neutral

axis: ay = ay of top flange + ay of web above N-A

2

= 284810 mmb3.
Shear stress at neutral axis
F _
B[ - (GY)
_ 6021000
20 @ 46505533
= 18.37 N/mm?.

Shear stress at junction of web and lower flange:

x 284810

Considering the lower side of the section for findingay, we get
ay = 150 x 20 x (190 - 111) = 237000 mm3
__60@1000

= 50 x 237000
46505533
= 15.28 N/mm?
At the above level but in web, shear stress
= 601000 x 237000
150 @ 46505533
= 2.04 N/mm?

111
100 x 20 x (111 - 10) + 20 x (111 - 20) 29

At extreme fibres shear stress is zero. Hence variation of shear across the depth of the

section is as shown in Fig. 21.
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IMPORTANT FORMULAE

E
y R

I
. Modulus of section Z= ____.

. Moment carrying capacity of section = f,,.. Z.
. Section modulus of various sections:

(i) Rectangular: " bd? (i) Hollow rectangular: 1 BD’ @ bd’
6 6 D
(iif) Solid circular section: = d®  (iv) Hollow circular section:—2 p*@d*
32 D
bh?

(v) Solid triangular section; ~

F
5. Shear stress in a beam q = __(ay)

6. In rectangular sections,

Gmax = 1.5 qay, at y = d/2
4
In circular sections q,,,, = 3 Gav at centre

h
In triangular section, . =1.5¢q,, aty = —.
2

q X
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Tutorial Question
Derive the equation of bending moment and write down the assumptions for theory of
simplebending.
A simply supported beam carries a U.D.L. of intensity 2.5 kN /metre over entire
span of 5 meters. The cross-section of the beam is a T-section having the
dimensionsTop ange: 125 mm cm X 25 mm
Web: 175 mm cm X25 mm
Calculate the maximum shear stress for the section of the beam.
A cantilever beam of length 10 m has a cross section of 100 mm X 130 mm has a UDL of
10 KN/m over a length of 8 m from the left support and a concentrated load of 10 KN at
the rightend. Find the bending stress in the beam
A beam of T - section is having flange 120mm x 15mm and web 100mm x 15mm. It is
subjected to a shear force of 24kN. Draw shear stress distribution across the depth
markingvalues at salient points.
An | section is having overall depth as 550mm and overall width as 200mm. The
thickness of the flanges is 25mm where as the thickness of the web is 20mm. If the
section carries a shear force of 45kN, calculate the shear stress values at salient points
and draw the sketch showing variation of shear stress.
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Assignment Questions

1. Anlsection beam 350 x 150 mm as shown in Fig. has a web thickness of 10 mm and a
flange thickness of 20 mm. If the shear force acting on the section is 40kN, find the
maximum shear stress developed in the I section

2. A rectangular beam 300 mm deep is simply supported over a span of 4m. Determine

|vo-—1$0m--—-—"l

[ me

» T
E F x A
3 3

the

uniformly distributed load per meter which the beam may carry, if the bending stress
should not exceed 120 N/mm?. Take I = 8x106 mm*.

3. An I-section beam 350mmX200mm has a web thickness of 12.5mm and a flange
thicknessof 25mm. It carries a shearing force of 200kN at a section. Sketch the shear
stress distribution across the section.

4. Arolled steel joist 200mmx160mm wide has flange 22mm thick and web 12mm
thick.Find the proportion, in which the flanges and web resist shear force.

5. A simply supported beam of 2m span carries a U.D.L. of 140 kN/m over the whole
span. The cross section of the beam is T-section with a flange width of 120mm, web
and flange thickness of 20mm and overall depth of 160mm. Determine the
maximum shear stress inthe beam and draw the shear stress distribution for the
section.

6. A simply supported symmetric I-section has flanges of size 200 mmX 15 mm and its
overall depth is 520 mm. Thickness of web is 10mm. It is strengthened with a plate of
size 250 mm X 12mm on compression side. Find the moment of resistance of the
section if permissible stress is 160 M Pa. How much uniformly distributed load it can
carry if it is used as a cantilever of span 3.6m.
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UNIT 4

DEFLECTION OF
BEAMS
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Course Objectives:

o Tounderstand the behavior of beams under complex loading.

Course OQutcomes:

o Evaluate the deflections in beams subjected to different loading conditions.
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Deflection of Beam

Methods to compute deflections in beam
« Double integration method (without the use of singularity functions)
e Macaulay’s Method (with the use of singularity functions)

e Moment area method

Assumptions in Simple Bending Theory
* Beams are initially straight
 The material is homogenous and isotropic i.e. it has a uniform composition and its mechanical
properties are the same in all directions
e The stress-strain relationship is linear and elastic
*  Young's Modulus is the same in tension as in compression
* Sections are symmetrical about the plane of bending

* Sections which are plane before bending remain plane after bending

Non-Uniform Bending
e In the case of non-uniform bending of a beam, where bending moment varies from section to section,
there will be shear force at each cross section which will induce shearing stresses
e Also these shearing stresses cause warping (or out-of plane distortion) of the cross section so that

plane cross sections do not remain plane even after bending

Elastic line or Elastic curve

We have to remember that the differential equation of the elastic line is

2

dJy

El — =M
dXZ X

Proof: Consider the following simply supported beam with UDL over its length.
Yy

X
y Elastic line
O X
y(x) 8(x)
IS

Elastic line

From elementary calculus we know that curvature of a line (at point Q in figure)

d’y

2
Elz where R =radius of curvature

1+m rl
ax

For small deflection, —
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0dX

or _
R dx*



dzy

EI

dzy
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Bending stress of the beam (at point Q)
_ (M )y

* [

From strain relation we get

1
=0 *andl = *

R y x E
1M
R EI
dzy M
Therefore — =
dxz EI
dzy
El — =M,
or dx?

X

General expression

d2
From the equation E1 il M, we may easily find out the following relations.
X
d*y
El —= Shear force density (Load)
dx*
d3y
e EI =V, Shear force
ax’
« El—*= M, Bending moment
dx
A
slopedx

e y= [ =Deflection, Displacement
e Flexural rigidity = EI

Double integration method (without the use of singularity functions)

e V= BAdx

L4 MX=H‘/XdX
dzy

« El—=M,
dx

. =Slope = 1—Hde

. = Deflection =[] Bdx

4-step procedure to solve deflection of beam problems by double integration method
Step 1: Write down boundary conditions (Slope boundary conditions and displacement boundary
conditions), analyze the problem to be solved
Step 2: Write governing equations for, EI d—2= M,
X

Step 3: Solve governing equations by integration, results in expression with unknown integration constants
Step 4: Apply boundary conditions (determine integration constants)
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Following table gives boundary conditions for different types of support.

Types of support and Boundary Conditions

Figure

Clamped or Built in support or Fixed end :

(Point A)
Deflection,(y) = 0
Slope,(B) =0

Moment,(M) 0 ie.Afinitevalue

.'/’

Free end: (Point B)

Deflection,(y) B0  ie.Afinite value
Slope,(B ) 0 ieA finite value
Moment,(M) =0

Roller (Point B) or Pinned Support (Point A) or
Hinged or Simply supported.

Deflection,(y) = 0

Slope, (] 0 ie.Afinitevalue
Moment,(M) =0

End restrained against rotation but free to
deflection

Deflection,(y) B 0 i.e.Afinite value
Slope, (1) =0

Shear force,(V) =0

Flexible support

. e s K, «—— Rotational spring
Deflection, (y) B 0 Te.Afinite value

Slope, () B0 ie Afinitevalue
Moment,(M ) = k dy

rdx B i Vel

Shear force,(V) = ky Linear

{ Mok W
dx

spring
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Using double integration method we will find the
deflection and slope of the following loaded beams
one by one.

)] A Cantilever beam with point load at the free end.

(i) A Cantilever beam with UDL (uniformly distributed load)

(iii) A Cantilever beam with an applied moment at free end.

(iv) Asimply supported beam with a point load at its midpoint.

(v)  Asimply supported beam with a point load NOT at its midpoint.

(vi) Asimply supported beam with UDL (Uniformly distributed load)

(vii) A simply supported beam with triangular distributed load (GVL) gradually varied load.
(viii) A simply supported beam with a moment at mid span.

(ix) A simply supported beam with a continuously distributed load the intensity of which at any
Al x 1

point X’ along the beam is W, =W sin —

L

(i) A Cantilever beam with point load at the free end.

We will solve this problem by double integration method. For that at first we have to calculate (Mx).

Consider any section XX at a distance ‘x’ from free end which is left end as shown in figure.

yh

Mx='P.X

We know that differential equation of elastic line
d’y
El 3 =M =0BPx

—=
X

Integrating both side we get
d’y
El —=10PJxdx
m dXZ

or EI — = BP. — 4 A (i)

Again integrating both side we get
X’
Eljdy = [ P 2_-l-_Ag dx
3

Px 5
or Ely=- o + Ax+B (ii)

Where A and B is integration constants.
Now apply boundary condition at fixed end which is at a distance x = L from free end and we also know that
at fixed end

at x=L, y=0
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at x=1, —=
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3

from equation (ii) EIL = - P]; +AL+B ... (iii)
PL’
from equation (i) EL.(0) = - - +A e (iV)
PL’ PL’

Solving (iii) & (iv) we get A= T and B=-

Px’ PL’x _ PL’
Therefore, y=-—+
6El  2EI  3EI

The slope as well as the deflection would be maximum at free end hence putting x = 0 we get

PL’
Ymax = - ﬁ (Negative sign indicates the deflection is downward)
PL®
Slope max = max = ———
( ) 2EI

Remember for a cantilever beam with a pointload at free end.

Downward deflection at free end, (

L2
2EI

JE
3EI

And slope at free end, é ]

(ii) A Cantilever beam with UDL (uniformly distributed load)
Y

We will now solve this problem by double integration method, for that at first we have to calculate (Mx).

Consider any section XX at a distance ‘X’ from free end which is left end as shown in figure.

wx’

2

M, = B(wx). §=

We know that differential equation of elastic line
d’y wx’
El ——=
dx 2

Integrating both sides we get
d’y wx’
z—d'X

El =
m dXZ

3
or EI — = —+ A i)

Again integrating both side we get

3

El dy = WX 4 Ag dx

) )
WX

or Ely=- ) +Ax+B..... (i)
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[where A and B are integration constants]
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Now apply boundary condition at fixed end which is at a distance x = L from free end and we also know that
at fixed end.

at x=L, y=0
dy

atx=L, —=0
dx
-wL? +wlL?
from equation (i) we get  EIB(0) = 6'LA—01" A= c
o wL!
from equation (ii) we get ELy = - 2 +AL+B
wL*
or B=-
8
The slope as well as the deflection would be maximum at the free end hence putting x = 0, we get
wL* . L. L 3
Vo = [Negatlve sign indicates the deflection is downward] wL
(slope) =p_ =
max 6EI
Remember: For a cantilever beam with UDL over its whole length,
L 4
Maximum deflection at free end =
wL °
. -
Maximum slope, | L 6 E I
(iii) A Cantilever beam of length ‘L’ with an applied moment ‘M’ at free end.
iy
)
9) =t
\ }a -_L,/
Consider a section XX at a distance ‘x’ from free end, the bending moment at section XX is
(Mx) =-M
We know that differential equation of elastic line
d’y
or EI =@M

dx*
Integrating both side we get
dy
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dx

or Eld_z_z MM dx
X

or EIY = aMx + A (i)
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Again integrating both side we get
Eljdy = j(M x +A) dx

2

or Ely= MTX + Ax + B ...(ii)

Where A and B are integration constants.
applying boundary conditions in equation (i) &(ii)
at x=1, ﬂ: 0 gives A = MLdx

2
at x=L,y=0 gives B= ML _ 2 _gML

2 2
Mx* MLx ML’

Therefore deflection equation is y = -+ 2
2EI  EI  2EI

- ML?

2El
_ ML
El

Which is the equation of elastic curve.

PIMaximum deflection at free end (It is downward)

Maximum slope at free end ( )

Let us take a funny example: A cantilever beam AB of length ‘L’ and uniform flexural rigidity EI has a

bracket BA (attached to its free end. A vertical downward force P is applied to free end C of the bracket.

Find the ratio a/L required in order that the deflection of point A is zero.

| L | B

=—a—
Ve
We may consider this force ‘P’ and a moment (P.a) act on free end A of the cantilever beam.
A
P
: o . . PL?
Due to point load ‘P’ at free end ‘A’ downward deflection ( ) = E

Due to moment M = P.a at free end ‘A’ upward deflection ( ) = ML’ - (P.a)L’

2EI 2EI

For zero deflection of free end A
pL® (P.a)L’

3El 2EI
a 2

L 3

or
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(iv) A simply supported beam with a point load P at its midpoint.

A simply supported beam AB carries a concentrated load P at its midpoint as shown in the figure.

- L -

We want to locate the point of maximum deflection on the elastic curve and find its value.

In the region 0 <x <L/2
Bending moment at any point x (According to the shown co-ordinate system)
1Pl
Mx = | X
o
2

and In the region L/2 <x <L
Mx = P_(x BL/2)
2

We know that differential equation of elastic line

d’y P
EI = X — In the region 0 <x<L/2
d<* 2 ( & / )
Integrating both side we get
dy P
or EI ]dxz = ]ixdx
dy Px
or EI _=_._ +A (i)
dx 2 2
Again integrating both side we get
i SN
4 _ Apdx
Px’ .
orEly= E+AX+B(11)
[Where A and B are integrating constants]
Now applying boundary conditions to equation (i) and (ii)
we get
at x=0, y=0
d
atx=1L/2, Y=o
dx
PL2
A=- — and B=0
16
Px’ PL"
Equation of elastic line, y = - X & — —
12 16

Maximum deflection at mid span (x = L/2)

PL2
at eachgifflmaximum slope é }
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PL348EI
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(v) A simply supported beam with a point load ‘P’ NOT at its midpoint.

A simply supported beam AB carries a concentrated load P as shown in the figure.

We have to locate the point of maximum deflection on the elastic curve and find the value of this deflection.

Taking co-ordinate axes x and y as shown below

YR

Elastic line

N
ez

For the bending moment we have

In the region 0B x @ a, M =EP.aﬂX

Pa
And, In the region allx @ LM, =~ T(L i X)
So we obtain two differential equation for the elastic curve.

Fl— = —X for 0Bx B a

and EI = . (L-x) for aBx @ L

Successive integration of these equations gives

dy Pax’

Bl = 4
dx L 2

B Y opax-Pien L (ii) foraBxBL

dx L 2

...... (1) for 0BxBa

Ely = —-z+A1X+B1 ...... (iii) for 0B xBa

+A,x+B, ...(iv) fora@xBL

Where A1, Az, Bi, Bzare constants of Integration.
Now we have to use Boundary conditions for finding constants:
BCS (a)at x=0,y=0
(byatx=L,y=0
dy
R

(d) atx = a, y = same from equation (iii) & (iv)

We get Al = 2(‘2 @ b2 ) A2 = P'—aZ(LZ +a26L)

()atx=a = Same for equation (i) & (ii)

and B = 0; B,=Pa’ / 6EI

Therefore we get two equations of elastic curve
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Ely=- %(LZ b )3 ..... (v) for 0@ xMa

Ely= Pb ﬂ[)(-a|)3+(L2b2)x-x3 (Vi) for al xIL
—— 08 -0
6L by

=

For a > b, the maximum deflection will occur in the left portion of the span, to which equation (v) applies.

Setting the derivative of this expression equal to zero gives

e \/a(a+2b) B \/(L—b)(L+b) B /LZJbz
- 3 - 3 I

at that point a horizontal tangent and hence the point of maximum deflection substituting this value of x

P.b(L2 [ b2)3/2
into equation (v), we find, y_, = M
9./3. EIL

Case -I: if a = b = L/2 then

12 (1 (L2)’
Maximum deflection will be atx = —3 =L/2

i.e. at mid point

P.(L/2) {L 2 - (L/2) 2}3/2 PL3
and Ymax = ( ) = =
48El 9\BEIL

(vi) A simply supported beam with UDL (Uniformly distributed load)
A simply supported beam AB carries a uniformly distributed load (UDL) of intensity w/unit length over its

whole span L as shown in figure. We want to develop the equation of the elastic curve and find the

maximum deflection [ at the middle of the span.
Y

w/unit langth

B

Taking co-ordinate axes x and y as shown, we have for the bending moment at any point x
2

wL X
X =W. JR—
2 2
Then the differential equation of deflection becomes
d’y wL X
El —= MX = X=W. JR—
dx 2 2

Integrating both sides we get
dy wL x* wx’
_=__ .
dx 2 2 23
Again Integrating both side we get
3 4
WL X" W X" 4 Ax+B
2 6 212

Where A and B are integration constants. To evaluate these constants we have to use boundary conditions.

at x=0,y=0 gives B=0
3
w.
at x=1L/2, dl=0 gives A=0_——
dx 24
Therefore the equation of the elastic curve
3 _
V= wL 3 w 4y WO WX . 3
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B+ 3
X X = L
12EI 24EI 12EI 241 17 2Lx xp
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The maximum deflection at the mid-span, we have to put x = L/2 in the equation and obtain

_ owL )

Maximum deflection at mid-span,

~ 384E|

(It is downward)

And Maximum slope @, =B, at the left end A and at the right end b is same putting x = 0 or x = L Therefore

S

_ wL
24E|

we get Maximum slope ( )

(vii) A simply supported beam with triangular distributed load (GVL) gradually

varied load.

A simply supported beam carries a triangular distributed load (GVL) as shown in figure below. We have to

find equation of elastic curve and find maximum deflection () .

1
1
|
1
:
1

T---

B

2 - L2
In this (GVL) condition, we get
d* i
EI Y _load=0lWx .. (i)
dx* L
Separating variables and integrating we get
d’y wx’
El .= (VX) = S FA s (i)
dx 2L
Again integrating thrice we get
d’y wx’
El —=M, =0 —+Ax8B8 .. (iii)
dx 6L
4 2
El dy = K+AL+BX+C ..... (iv)
dx 24L 2
wx® Ax’ B¥
Ely= + + FCXAD s (v)
120L 6 2
Where A, B, C and D are integration constant.
Boundary conditions atx =0, Mx =0, y=0
atx =L, Mx =0,y =0 gives
_wL 7wL
A=, — B=0, C=- 3 ,D=0
6
360
Therefore y = - &{7L4 10122 + 3x4} (negative sign indicates downward deflection)
360EIL
. : : dy
To find maximum deflection , we have —_=0
dx

wL*
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And it gives x = 0.519 L and maximum deflection ( ) = 0.00652 T
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(viii) A simply supported beam with a moment at mid-span
A simply supported beam AB is acted upon by a couple M applied at an intermediate point distance ‘a’ from
the equation of elastic curve and deflection at point where the moment acted.

Vv A

Y

M
L

=X

b 5N

=M lRB =
—

M
Considering equilibrium we get R = and R =0
A B
L L
Taking co-ordinate axes x and y as shown, we have for bending moment

M
In the region 0B xBa, M, =

X

X

1=

In the region alx@L, M, =

X

x - ML
So we obtain the difference equation for the elastic curve

for0 Bx @a

dy M
EId = L?(
dy M X
and EI — =—x0@M fora@x @ LL
dx
Successive integration of these equation gives
dy Mx
EIl = . — — —+A, (i) for0Bx@a
dx L 2
dy M ¥
El_=_=__Mx+aA, .. (ii) foraBlxBL
dx L 2
M x°
and Ely = T +A1x+B1 ...... (iii) for0BxBa
M x* Mx
Ely= — —p +Ax+B, ... (iv) fora@ xBL
L 2
Where A1, Az, B1 and B are integration constants.
To finding these constants boundary conditions
(@ at x=0,y=0
(b) at x=L, y=0
d
(0 atx=a, l,y_! = same form equation (i) & (ii)
2 S
(d) at x=a,y=same form equation (iii) & (iv)
ML Ma’ ML Ma’
A =B8Ma+ —t LA = — ——
2L 3 2L
3 Ma®
B, =0, B, = 5
With this value we get the equation of elastic curve
M
y=-—fal-3a’Bx'BBL } for 0B xBa
deflection of x =3,
Ma

y= f3aL - 22’ m 1}

3EIL
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(ix) A simply supported beam with a continuously distri%?ﬁl load the intensity
of hich at any point ‘x’ along the beamis w =wsin

L

=1 %

A FPRTRT & 2 R
Wy =W Sin | R :

Y.'. /
m BN m

T % 2 L/2 ”é}»;

=X

At first we have to find out the bending moment at any point ‘x’ according to the shown co-ordinate system.

We know that

d(V, 1
gXX) = wsin@

Integrating both sides we %ﬁ%ﬂ
d(V)=8 _wsin  dx+A
. .

wL
orVX—+ .COS g +m4

and we also know that
d[M ) _wL  1ixi
_dx - =Vx

Again integrating both sides we get
IwL  10x0
cos +

— A dx
Vi

x o, @ B

or M, = ;NL sinlfi!+Ax+B

alg

d(M) =

2
Where A and B are integration constants, to find out the values of A and B. We have to use boundary
conditions
at x=0, Mx=0

and atx =1, Mx=0

wLz 000
From these we get A = B = 0. Therefore M_ = inﬂ L_@_
7

So the differential equation of elastic curve
d’y wlL? iF

El =M = _ s
TR nmlmﬁ_

Successive integration gives

dy  wlL’ alx1
TN
:

Wi

sin

Ely =
4
Where C and D are integration constants, to find out C and D we have to use boundary conditions

at x=0, y=0
at x=L, y=0

and thatgive C=D =0

dy  wL? Blx@
Therefore slope equation El gx = @Ag2 _cosj L_@
wL'  10x0



= =1

= =1

and Equation of elastic curve = sin
a Y= P gego g,

(-ive sign indicates deflection is downward)
AAxM@

is maximum

L

Deflection will be maximum if sin

SOM Notes
Dept of Mechanical Engg.

Lect. N Bikash Rao



SOM Notes
Dept of Mechanical Engg.

Lect. N Bikash Rao

=
|H
<
=
I}
U=y

sin or x=LJ2

=l

=
=

wL*

and Maximum downward deflection ( ) = (downward).

*El
Macaulay's Method

® When the beam is subjected to point loads (but several loads) this is very convenient method for

determining the deflection of the beam.

® In this method we will write single moment equation in such a way that it becomes continuous for

entire length of the beam in spite of the discontinuity of loading.

® After integrating this equation we will find the integration constants which are valid for entire

length of the beam. This method is known as method of singularity constant.
Procedure to solve the problem by Macaulay’s method

Step - I: Calculate all reactions and moments
Step - II: Write down the moment equation which is valid for all values of x. This must contain brackets.

Step - III: Integrate the moment equation by a typical manner. Integration of (x-a) will be

2

x—a) X X-a)3
not s — —ax  and integration of (x-a)? will be so on.
12

Step - IV: After first integration write the first integration constant (A) after first terms and after second
time integration write the second integration constant (B) after A.x . Constant A and B are valid for all
values of x.

Step - V: Using Boundary condition find A and B at a point x = p if any term in Macaulay’s method, (x-a) is

negative (-ive) the term will be neglected.

(i) Let us take an example: A simply supported beam AB length 6m with a point load of 30 kN is applied
at a distance 4m from left end A. Determine the equations of the elastic curve between each change of load

point and the maximum deflection of the beam.

|

30kN
A 4m .31 2m g
ST ~ STA
10kN 20kN

Answer: We solve this problem using Macaulay’s method, for that first writes the general momentum

equation for the last portion of beam BC of the loaded beam.

d’y
El —=M_=10x -BO(x-4) [N rrrrrrerrrrerrrnans i
dx? X |3 ( ) | ( )
By successive integration of this equation (using Macaulay’s integration rule
[X a]z
eg (x a)dx= T)

We get
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Example:

l‘— L/ —>l<— L/2 —J

Superpose the deformations due to Loading I and Loading II as shown.

For the beam and loading shown, determine
the slope and deflection at point B.

Loading 1 Loading I1

w

l«— 7, — L/2

) Loading 1
[EEEER] L (9)—£ (\‘)_“14
( g | B1="6mx BT T R
!/]
. Loading II
.
N ikl G)m w (). = wrt
Cll ™ 38Er YCl T 128ET
aning In beam segment CB. the bending moment is
A C B zero and the elastic curve is a straight line.
3
wL
B )= (05 e
e 68y =c)n = o
! ;.w« " 1, - 1I‘L4 ‘E L 711‘L4
¥ VB = \28Er  a8EI\2) 384EI
Loading 1 Loading 11
A "
- —L l-—u"—-l-—l
VI —1 (0g);
- ’ﬁ I / Yaln
—I—,—— A Ya! t
ity B I (By)y
Combine the two solutions.
3 3 3
wL nL TwL
05=(0z);+(0 )y =———+ O =
BB T OB " "R T asEl B~ 4sEI
T ) wr 7wL4 N 41wz’
8 =08+ Uy =~g5r * 3amr B = S84kl




SOM Notes
Dept of Mechanical Engg.

Lect. N Bikash Rao




SOM Notes
Dept of Mechanical Engg.

Lect. N Bikash Rao

Tutorial Questions

1. A cantilever 3m long has moment of inertia 800 Cm* for 1m length from the free
end, 1600 cm* for the next 1m length 2400 Cm¢*for the last 1m. length. At the
free
end a load of 1 KN acts on the cantilever. Determine the slope and deflections
at thefree end of the cantilever E= 210 GN/ m2
2. A simply supported beam of span 6m carries two point loads of 60KN and 50KN at 1m
and 3m respectively from the left end. Find the position and magnitude of max.
deflection. Take E=as 200 GPa and [ =8500cm*. Also determine the value of deflection at
the same point if one more load of 60KN is placed over the left support.
3. A beam AB of 8 m span is simply supported at the ends. It carries a point
load of 10 kN at a distance of 1 m from the end A and a uniformly
distributed load of 5 kN/m for a length of 2 m from the end B. If [ =10 _ 106
m4, Using Macaulay's Method, Determine:
() Deection at the mid-span,
(b) Maximum deection, and
(c) Slope at the end A.

4. A simply supported beam of span 6m carries two point loads of 60KN and 50KN at 1m
and 3mrespectively from the left end. Find the position and magnitude of max. deflection.
Take E= as 200 GPa and [ =8500cm*. Also determine the value of deflection at the same
point if one more load of 60KN is placed over the left support.

5. A simply supported beam of 8m carries a partial u d 1 of intensity 5KN/m and length 2m,
sarting from 2m from the left end. Find slope at left support and central deflection. Take E=
200Gpa and [=8x108mm*
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Assignment Questions

A simply supported beam of 8m carries a partial u d 1 of intensity 5KN/m and length 2m,
sarting from 2m from the left end. Find slope at left support and central deflection. Take E=
200Gpa and [=8x108mm*

A simply supported beam span 14m, carrying concentrated loads of 12KN and 8KN at
two points 3mts and 4.5m from the two ends respectively. Moment of Inertia I for the beam
is 160 x103 mm* and E = 210KN/mm?2. Calculate deflection of the beam at points under the
two loads by macaulay’s method

A Cantilever beam AB 6 mts long is subjected to u.d.l of w KN/m spread over the entire
length. Assume rectangular cross-section with depth equal to twice the breadth. Determine
the minimum dimension of the beam so that the vertical deflection at free end does not
exceed 1.5 cmand the maximum stress due to bending does not exceed 10 KN/cm2. E = 2 X
107 N/ cmz,

A beam section is 10m long and is simply supported at ends. It carries concentrated
loads of100kN and 60kN at a distance of 2m and 5m respectively from the left end. Calculate
the deflection under the each load find also the maximum deflection. Take I = 18 X 108mm*
and E = 200kN/mm?.

5. A simply supported beam of span 6m carries two point loads of 60KN and 50KN at 1m
and 3m respectively from the left end. Find the position and magnitude of max.
deflection. Take E= as 200 GPa and [ =8500cm®*. Also determine the value of deflection at

the same point if one more load of 60KN is placed over the left support.
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UNIT 5
TORSION OF CIRCULAR
SHAFTS &THIN

CYLINDERS
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Course Objectives:

e To analyze the cylindrical shells under circumferential and radial loading
Course Outcomes:

e Analyze the thin cylindrical shells.
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Unitv

Torsion of Circular Shafts

The product of this turning force and the distance between the point of application of the force and
theaxis of the shaft is known as torque, turning moment or twisting moment. And the shaft is said
to be subjected to torsion. Due to this torque, every cross-section of the shaft is subjected to some
shear stress.

Assumptions for Shear Stress in a Circular Shaft Subjected to Torsion

1. The material of the shaft is uniform throughout.
The twist along the shaft is uniform.

3. Normal cross-sections of the shaft, which were plane and circular before the twist, remain
planeand circular even after the twist.

4. All diameters of the normal cross-section, which were straight before the twist, remain
straightwith their magnitude unchanged, after the twist.

Torsional Stresses and Strain

[ —
/ I — '4/" N A : = \
cf— L AL 8\ A O \
| ! | | |
| | e I ! :G
: .l‘\ - !--__z / L \__\__ JI_ __,/
I | Y1 '
e ! g
" 1 !

Fig. 1

Consider a circular shaft fixed at one end and subjected to a torque at the other end as shown in
Fig.1

T =Torque in N-mm,
| = Length of the shaft in mm and
R = Radius of the circular shaft in mm.

As a result of this torque, every cross-section of the shaft will be subjected to shear stresses. Let
theline CA on the surface of the shaft be deformed to CA" and OA to OA’ as shown in Fig.1

£ACA’ = @ in degrees

2AOA’ =0 in radians
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T = Shear stress induced at the surface
and

C = Modulus of rigidity, also known as torsional rigidity of the
shaftmaterial.

We know that shear strain = Deformation per unit length

= A;A =tan 0
=0 ...(¢ being very small, tan ¢ = ¢)
We also know that the arcAA” = R-6
AA" _R-6 _
o = ] :T (i)

If T is the intensity of shear stress on the outermost layer and C the modulus of rigidity of the
shaft, then

..(ii)

©
[
Ala

From equations (i) and (ii), we find that

T _ RS 1_C0
c =1 Y O
If T, be the intensity of shear stress, on any layer at a distance x from the centre of the shaft, then
Ty . 1_C-6
e T 1)

Strength of a Solid Shaft

The term, strength of a shaft means the maximum torque or power. it can transmit. As a matter of
fact, we are always interested in calculating the torque, a shaft can withstand or transmit.

Let R = Radius of the shaft in mm and
T = Shear stress developed in the outermost layer of the shaft in
2
N/mm~

Consider a shaft subjected to a torque 7"as shown in Fig. 2. Now let us consider an element of
area da of thickness dx at a distance x from the centre of the shaft as shown in Fig. 2.

& da = 2nx - dx (1)
and shear stress at this section,

T s % (i)
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an

where T = Maximum shear stress.
Turning force = Shear Stress X Area
= T, -dx

X
s =—=se¢d
= TX xXda

X
= T—X2mx-dx
- R
221 SE
We know that turning moment of this element, 3
dT = Turning force x Distance of element from axis of the shaft

= %xzdx-.ll':szx}-dx (i)

The total torque, which the shaft can withstand, may be found out by integrating the above
equation between 0 and R i.e.,

K

K
T = 2—“—1—:x3-dx=3-n—1 I.rz-dx
- R R .

R4O

where D is the diameter of the shaft and is equal to 2R.

4R

2nt| x n 3W 3

remebcdest S0 =—‘[-R =—X‘[XD -mm
[ ] 2 16 N

EXAMPLE 1 A solid steel shaft is to transmit a torque of 10 kN-m. If the shearing stress is
not to exceed 45 MPa, find the minimum diameter of the shafi.

SOLUTION. Given: Torque (7) = 10kN-m =10 X 10° N-mm and maximum shearing stress (1) =45
MPa =45 N/mm".

Let D = Minimum diameter of the shaft in mm.
We know that torque transmitted by the shaft (7),

10x10° = ExtxD’ =" x45xD* =8836 D°
16 16
5 10x10° 6
D o= 3836 =1.132x 10

or D = 1.04%10°=104 mm  Ans.
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_Strength _of a Hollow Shaft

It means the maximum torque or power a hollow shaft can transmit from one pulley to another.
Now consider a hollow circular shaft subjected to some torque.

Let R = Outer radius of the shaft in mm,
r = Inner radius of the shaft in mm, and
T = Maximum shear stress developed in the outer most layer of

the shaft material.

Now consider an elementary ring of thickness dx ata
distance x from the centre as shown in Fig. 3.

We know that area of this ring.
da = 2mx - dx .0
and shear stress at this section,

X
= TX=—
Ty XS
Turning force = Stress X Area
= “.[x . dx
e X
( % -”‘ﬁ) Fig. 27.3
= TX % X 2 xdx (" da =2m xdx)
= Z—:I.rz dx i)

We know that turning moment of this element,
dT = Tuming force x Distance of element from axis of the shaft

=21!‘tzdxx_21!T3dx

- (i)

The total torque. which the shaft can transmit, may be found out by integrating the above equation
between r and R.

IZM L dx —2—mij.x -dx

r

e[ 4] (R =) _m p'-d*
T[TJ, = T[—4 ]:E X tx(—D ] N-mm
where D is the external diameter of the shaft and is equal to 2R and 24 is the internal diameter of the
shaft and is equal to 2r.

~
Il
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Power Transmitted by a Shaft

We have already discussed that the main purpose of a shaft is to transmit power from one shaft to
another in factories and workshops. Now consider a rotating shaft. which transmits power from one

of its ends to another.
Let N
T = Average torque in kN-m.
Force x Distance = T x 2nN = 2rNT

2RNT
Work done per second = 120 kN-m

No. of revolutions per minute and

Work done per minute

Power transmitted = Work done in kN-m per second

Example 2: A hollow shaft is to transmit 200 kW at 80 r.p.m. If the shear stress is not to
exceed 60 MPa and internal diameter is 0.6 of the external diameter, find the diameters
of theshaft.

SOLUTION. Given : Power (P) = 200 kW ; Speed of shaft (N) = 80 r.p.m. ; Maximum
shear stress (t) = 60 MPa = 60 N/mm2 and internal diameter of the shaft (d) = 0.6D
(where Dis the external diameter in mm).

We know that torque transmitted by the shaft,

p*-d* p*— .60
T'= %xtx[ D( }:%X6OX[—D ) N-mm
= 103D°N-mm=103x10°D*kN-m )

We also know that power transmitted by the shaft (P),

NT _ 2rx80x (103x107° DY)

Y — ~863 3
200 0 0 86.3x107"D
D = __ 200 — =2.32%10°mm’
(86.3x107)
or D = 132x10°=132mm  Ans.

and d = 06D=06x132=792mm Ans.
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Polar Moment of Inertia

The moment of inertia of a plane area, with respect to an axis perpendicular to the plane of the

figure. is called polar moment of inertia with respect to the point, where the axis intersects the plane.
In a circular plane, this point is always the centre of the circle. We know that

C-0
L == (i) ... (from Art. 27.3)
R l
and T = 1£6 xtx D’ i) ... (from Art. 27.3)
16T
or T= "
Substituting the value of T in equagion (1),
161 _ C-0
w’xr !
T C-0
. Eoades - &
1—6.)( D xR . .
= r - CI-B __.(Radius. R=§)
4
n*?
T C-0
7 = T i)
where Ji= 3_1(2 x D* . Ttis known as polar moment of inertia.

The above equation (iif) may also be written as :

x_T_Co (1 _C®
R — J [ = > T
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ExampLE 3. Find the angle of twist per metre length of a hollow shaft of 100 mm
external and 60 mm internal diameter, if the shear stress is not to exceed 35 MPa. Take C = 85
GPa.

Sorumion. Given: Length of the shaft (/) =1 m=1x 10° mm ; External diameter (D) = 100 mm;
Internal diameter (d) = 60 mm : Maximum shear stress (T) = 35 MPa = 35 N/mm’ and modulus of
rigidity (C) = 85 GPa = 85 x 10° N/mm’.

Let 8 = Angle of twist in the shaft.

We know that torque transmitted by the shaft,

4 4 -+ 4
f AXTXI:D —d ]—£x35x[w:l N-mm

16 D | 16 100

= 5.98 x 10° N-mm
We also know that polar moment of inertia of a hollow circular shaft,

= Brpt—gy=% 4 _(60)*] = F st
J = 32[D d’] 32[(100) (60)"] =8.55 x 10° mm

and relation for the angle of twist,

T C-6 5.08x10° (85x10°)8
1 or 3 =
8.55x10 1x10°

7 = =85.0

5.08%10°

0 = 3 =(.008 rad = 0.5° Ans.
(8.55x107)x 85

-

ExampLE 4. A solid shaft is subjected to a torque of 1.6 kN-m. Find the necessary
diameter of the shaft, if the allowable shear stress is 60 MPa. The allowable twist is 1° for every
20 diameters length of the shaft. Take C = 80 GPa.
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SovruTion. Given: Torque (7)=1.6 kN-m= 1.6 x 10° N-mm; Allowable shear stress (t) = 60 MPa=
60 N/mmz; Angle of twist (8)=1°= % rad ; Length of shaft (/) =20 D and modulus of rigidity (C)
=80 GPa=80x 10° N/mn’.

First of all, let us find out the value of diameter of the shaft for its strength and stiffness.
1. Diameter for strength

We know that torque transmitted by the shaft (7),

6o TG 3_ X% 3 3
1.6x10° = e XTXDf =7x60x D =11.78 D,
3 16x10° 6 3
D= 178 =0.136x 10" mm
or D, = 0514x10°=51.4mm D)

[
:

Diameter for stiffness
We know that polar moment of inertia of a solid circular shaft,

. T
35%(Dy)" =0008 D

J =
and relation for the diameter,
T _C8 1.6x10° _ (80x10%) x (1/180)
e 20D,
6
D,} b (1.6x10 :)‘X2O =234 % 10° mm®
& 0.0908 x (80x107) x (m/180)
or D, = 6.16x 10" =61.6 mm (i)

We shall provide a shaft of di;meter of 61.6 mm (Le.. greater of the two values). Ans.

ExaMPLE 5. A solid shaft of 200 mm diameter has the same cross-sectional area as a
hollow shaft of the same material with inside diameter of 150 mm. Find the ratio of

(a) powers transmitted by both the shafts at the same angular velocity.
(b) angles of twist in equal lengths of these shafts, when stressed to the same intensity.

SoruTmion. Given: Diameter of solid shaft (D,) =200 mm and inside diameter of hollow shaft (d)
=150 mm.

(a) Ratio of powers transmitted by both the shafts
We know that cross-sectional area of the solid shaft,

Ay = 3XD =7% (200 =10000 & mm’
and cross-sectional area of hollow shaft,

A

T 2 2 R R 2, _| 2
ZX(D —d)—4><[D (150)7] 4(D 22 500)
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Since the cross-sectional areas of both the shafts are same, therefore equating A, and A,,
T 2 T 2
— (2000 = =(D" =22500
2 (200) 1 ( )

40000 = D°—22500
D* = 40000 + 22 500 = 62 500 mm”
or D = 250 mm

We also know that torque transmitted by the solid shaft,

T, = 1gxTx D =exTx(200 =500x10°ntN-mm ()

Similarly, torque transmitted by the hollow shaft,
' 4 4 4 4
T D'-d | = (250)" — (150)
{ = EXTX[T}- xrxl: 350 }Nmm
= 850x 10’ T N-mm

'Power transmitted by hollow shaft
Power transmitted by solid shaft

T, 50x10°mt

= e li] AmS:
T, 500%x10°mt e
(b) Ratio of angles of twist in both the shafts
We know that relation for angle of twist for a shaft,
T _Ce o 1
R = ™S Re
Angle of twist for the solid shaft,
q _ 1 200
(-)l = RC_IO(I: ...(where R———T—IOOmm)
Similarly angle of twist for the hollow shaft,
a__d _D_250_
; ‘ Tl
Angle of twist of hollow shaft _ & - FO5C. 100 08 Ak
Angle of twist of solid shaft ~ 6, _© 125~

100C
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EXAMPLE 6. A shaft ABC of 500 mm length and 40 mm external diameter is bored, for a
part of its length AB to a 20 mm diameter and for the remaining length BC to a 30 mm diameter
bore as shown in Fig. . If the shear stress is not to exceed 80 MPa, find the maximum power, the
shaft can transmit at a speed of 200 r.p.m.

If the angle of twist in the length of 20 mm diameter bore is equal to that in the 30 mm diameter
bore, find the length of the shaft that has been bored to 20 mm and 30 mm diameter.

5 500 mm »
e ey —— il
T ! 4|
G |« lig >l B Iye ql
Fig.

SoLuTion. Given: Total length of the shaft (/) = 500 mm: External diameter of the shaft (D) =
mm ; Internal diameter of shaft AB (d, ;) = 20 mm ; Internal diameter of shaft BC (dp) = 30 mm ;
Maximum shear stress (1) = 80 MPa = 80 N/mm’ and speed of the shaft (N) =200 r.p.m.
Maximum power the shaft can transmit

We know that torque transmitted by the shaft AB,

4 4 & 4 4
n D'-dyp| = (40)* - (20)

= 042.5 x 10° N-mm D)
D“—d“ [ 40)* — 30)*

= 687.3 x 10° N-mm D)

From the above two values, we see that the safe torque transmitted by the shaft is minimum of the
two, Le., 687.3 x 10° N-mm = 687.3 N-m Therefore maximum power the shaft can transmit,

21rNT_2xnx200x(687.3) N
P=—g= ) =14394W

14.39 kW Ans.
Length of the shaft, that has been bored to 200 mm diameter
Let I,z = Length of the shaft AB (i.e., 20 mm diameter bore) and
lgc = Length of the shaft BC (i.e., 30 mm diameter bore) equal to (500 — /) mm.
We know that polar moment of inertia for the shaft AB,
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n - T 4 4 4
Jug = .3—2x(D _dw)=3_2x[(40) —(20)"] mm
s 1LY 4 4 n 4 4 -
Similarly, Jpc = EX(D —dBC)=3—2><[(40) —(30)"] mm
We know that relation for the angle of twist:
T _ce o T
5= 1 - =
T-lp T-lp-
8p = T and Opc= s
Since 8,3=9,cand T as well as C is equal in both these cases, therefore
’ﬁ —— "'I‘B—g‘ or IAB — IBC
Juw e %x[(40)4—(20)4] %x[(40)4—(30)4]

1p _ 40— 0" _ 2400000

= Te - @0 —goy 1750000 =7
b =13
1'37IBC+IBC = 500 B B [AB+[BC=5m)

500
lpc = 537 =211mm  Ans.

and lipg = 500-211=289mm  Ans.
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Thin Cylinders

In general, if the thickness of the wall of a shell is less than 1/10th to 1/15th of its
diameter, itis known as a thin shell.

Stresses in a Thin Cylindrical Shell

The walls of the cylindrical shell will be subjected to the following two types of tensile
stresses:

1. Circumferential stress
2. Longitudinal stress.

Circumferential Stress

(a) (b)
Fig.

Consider a thin cylindrical shell subjected to an internal pressure as shown in Fig.(a)
and (b).We know that as a result of the internal pressure, the cylinder has a tendency to
split up into two troughs as shown in the figure.

Let |= Length of the shell

d = Diameter of the shell,
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Thickness of the shell and
Intensity of internal pressure.

t
p
Total pressure along the diameter (say X-X axis) of the shell,
P = Intensity of internal pressure X Area=p X d x [
and circumferential stress in the shell,

| : pdl _ pd ,
.= To.tal. pressure o o= o ...(" of two sections)
; Resisting section ~ 2t/ 2t

This is a tensile stress across the X-X. It is also known as hoop stress.
Norte. If 1 is the efficiency of the riveted joints of the shell, then stress,
o - 2
€ 2tn

Longitudinal Stress
Consider the same cylindrical shell, subjected to the same internal pressure as shown in
Fig.
(a;gand (b). We know that as a result of the internal pressure, the cylinder also has a
tendencyto split into two pieces as shown in the figure.
Let p = Intensity of internal

pressure,l = Length of the shell,

d = Diameter of the shell

and t = Thickness of the

shell.
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¥ i
T
¥
Y
(a) (b)

Fig. . Longitudinal stress.
Total pressure along its length (say Y-Y axis) of the shell
P = Intensity of internal pressure X Area

T, ;.2
sz(d)

and longitudinal stress in the shell,

"
Total pressure _ P x% @y _pd
% i Resisting section  mdt 4

This is also a tensile stress across the section Y-Y. It may be noted that the longitudinal stress is
half of the circumferential or hoop stress.
Note. If 1| is the efficiency of the riveted joints of the shell, then the stress,

pd

0’=4t_n
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ExAMPLE 1. A stream boiler of 800 mm diameter is made up of 10 mm thick plates. If the
boiler is subjected to an internal pressure of 2.5 MPa, find the circumferential and longitudinal

stresses induced in the boiler plates.
SoLuTion. Given : Diameter of boiler (d) = 800 mm : Thickness of plates (f) = 10 mm and

internal pressure (p) = 2.5 MPa=2.5 N/mm”.
Circumferential stress induced in the boiler plates
We know that circumferential stress induced in the boiler plates,
o pd _ 2.5x800
£ 2t 2x10
Longitudinal stress induced in the boiler plates
We also know that longitudinal stress induced in the boiler plates,

' 5% 800
o BB 2OXB, R =SOMPR:  ATS.

G = "4 T " ax10

=100 N/mm® =100 MPa  Ans.

EXAMPLE 2. A cylindrical shell of 1.3 m diameter is made up of 18 mm thick plates. Find the
circumferential and longitudinal stress in the plates, if the boiler is subjected to an internal
pressure of 2.4 MPa. Take efficiency of the joints as 70%.

SoLuTioN. Given: Diameter of shell (d) = l.3jm =13 lO3 mm ; Thickness of plates (f) = 18

mm; Internal pressure (p) = 2.4 MPa = 2.4 N/mm"™ and efficiency (1) = 70% = 0.7.

Circumferential stress
We know that circumferential stress,

. i 2AXUXIE) =124N/mm° =124 MPa A
%" oM 9XAEX01 S s

Longitudinal stress
We also know that longitudinal stress,

pd _24x(1.3x10%)

2 _ ,
o, = 4"1_ Ax18%07 =62 N/mm™ = 62 MPa Ans.

EXAMPLE 3. A gas cylinder of internal diameter 40 mm is 5 mm thick. If the tensile
stress in the material is not to exceed 30 MPa, find the maximum pressure which can be allowed

in the cylinder.
SoLurtion. Given: Diameter of cylinder (d) =40 mm ; Thickness of plates (f) = 5 mm and tensile

stress (0,) = 30 MPa = 30 N/mm’.
p = Maximum pressure which can be allowed in the cylinder.

Let
We know that circumferential stress (o).
_ pd_px40 _
30 = 5r="2xs =4
p =2 _75Nmm*=75MPa  Ans.

4
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Change in Dimensions of a Thin Cylindrical Shell due to an Internal
Pressure

Thin cylindrical shell subjected to an internal pressure, its walls will also be subjected to
lateralstrain. The effect of the lateral strains is to cause some change in the dimensions
(i.e., length and diameter) of the shell. Now consider a thin cylindrical shell subjected to
an internal pressure.

Let | = Length of the shell,

d = Diameter of the shell,
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t = Thickness of the shell and p = Intensity of the internal pressure.
We know that the circumferential stress,
. pd
O, = 5f
and longitudinal stress, o, = %
Now let dd = Change in diameter of the shell,

&l = Change in the length of the shell and

— = Poisson’s ratio.

Now changes in diameter and length may be found out from the above equations, as usual (i.e.,
by multiplying the strain and the corresponding linear dimension).

T

UE 2m uEL 2m
P_ﬂ'l_L] ;:P_df[l_i]
and 3 =¢g-1= 2:5[2 m) TuE\2 m

EXAMPLE 4. A cylindrical thin drum 800 mm in diameter and 4 m long is made of 10 mm
thick plates. If the drum is subjected to an internal pressure of 2.5 MPa, determine its changes in
diameter and length. Take E as 200 GPa and Poisson’s ratio as 0.25.

SoLUTION. Given: Diameter of drum (d) = 800 mm ; Length of drum (/) =4 m =4 x 10° mm ;

Thickness of plates (f) = 10 mm ; Internal pressure (p) = 2.5 MPa = 2.5 N/mm” ; Modulus of

3 1
elasticity (E) = 200 GPa = 200 x 10° N/mm” and poisson’s ratio [E] =0.25.

Change in diaineter
We know that change in diameter,

| ] 2.5 x (800)° [ 0.25]
— |= — 1= mm
2x10% (200 107) 2

= 0,35 mm Ans,
Change in length
We also know that change in length,

2 m

&l

p_:ﬁ['l 1]_2.5><800><(4><m3)[
2

y ]
= ——0.25 | mm
uE 2x10% (200 10°)

0.5 mm Ans.

Change in Volume of a Thin Cylindrical Shell due to an Internal Pressure

A little consideration will show that increase in the length and diameter of the shell will
alsoincrease its volume. Now consider a thin cylindrical shell subjected to an internal
pressure.

Let 1= Original length
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d = Original diameter,
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81 = Change in length due to pressure

and 8d = Change in diameter due to

We know that original volume,

T 2 T 2 T 2
= =xd " xl=|=(d+d8d)”" x(Ixdl)|—=xd xI
v = Exai=[Bassatxaxs)-X
T2
= 7 (d" -8l +2dl-3d) ...(Neglecting small quantities)
. -Tt 2
sV Z(d -0l + 2dl - 8d) Sl 25d
ol T ——,""' d =g+ 2€,
=xd" %l
4
or 8V = V(g +2¢)
where €. = Circumferential strain and

g = Longitudinal strain.

EXAMPLE 5. A cylindrical vessel 2 m long and 500 mm in diameter with 10 mm thick
plates is subjected to an internal pressure of 3 MPa. Calculate the change in volume of the vessel.
Take E = 200 GPa and Poisson’s ratio = 0.3 for the vessel material.

SoLuTioN. Given: Length of vessel (/) =2m=2x 10° mm ; Dlameter of vessel (d) = 500 mm
: Thickness of plates (f) = 10 mm ; Internal pressure (p) =3 MPa=3 N/mm” ; Modulus of elasticity

1
(E) =200 GPa =200 x 10° N/mm? and poisson’s ratio (E) =0.3.

We know that circumferential strain.

'pd( I ) 3500 ( 03 ) ;
5 o P 1) — | =032x10" ..
© T 2AE\ 2m) 2x10x(200x10%)\ 2 :

and logitudinal strain, g,

'p_d(L_L)_ 3% 500
LAl

(1 ) S
e 0.075 x 10 ...(ii)
AE\2 m) 2x10x(200x10°)\ 2 o

We also know that original volume of the vessel,

V = J@) I =F(500)" x 2x10") =392.7 x 10° mm’

Change in volume,
8V =V (e, +2¢) =3927x 10°[0.32 X 10~ + (2 X 0.075 x 10™)] mm’

= 185X 10° mm? Ans.
pressure.
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