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MATHEMATICS -1l NOTE FOR DIPLOMA 2"° SEM STUDENTS OF GP NABARANGAPUR

SCALAR AND VECTOR

Scalar Quantity: Scalar Quantity is a physical quantity which has only magnitude.

Ex- mass,temperature,speed,distance
Vector Quantity :Vector quantity is a physical quantity which has both magnitude and direction.
Ex- Displacement, Velocity,acceleration,weight

Types of Vector Quantity:

Null vector:Null vector is a vector whose magnitude is Zero
Parallel vactor: Two Vectors are said to be parallel to each othe if they have same direction.

» If u and v are two non-zero vectors and u=cv, where c is a scalar then u and v are parallel to
each other.
Unit Vector: A Vector which has unit magnitude is said to be unit vector.

Collinear Vector : vectors which lie along the same line or parallel lines are known as collinear
vector.

Representation of vector:-
d, unitvectori,f, k .a
b
> Any vector in three dimensional co-ordinate system can be represented as xi + yj + zk,
where 1, j & k are the unit vectors along X-axis, Y-axis and Z-axis respectively.

» Any vector in two dimensional co-ordinate systems can be represented as x7 + yjwhere 7 & j
are the unit vectors along X-axis & Y-axis respectively.

Magnitude and direction of a vector
let = xi + yj

magnitude- \/x2 + y? = |u|

direction 8 = tan‘lg

Three dimension: - let % = xi + yj + zk



il = \xZ+yT + 22,

x y z
VxZ+y2+22 " [x2+y2+22 ' \[x2+y2+22

direction<

Ex: -find the magnitude and direction of u = 2i + 3j

magnitude- \/x2 + y2 = || = V22 +32 =4+ 9 =+/13

direction 8 = tan™?!

N W

Algebra of vectors: —
i =xi+yj+zk & ¥ = al + bj + ck then

U+ D= (204 3] — 5k) +(i — 2 + 7k)
=Q2+1)i4+B-2j+(-5+NDk=31+j+2k

i—v=1+5]—12k
Scalar Product or dot product of two vectors:-

The scalar product of two vectors a and b of magnitude |a] and |b] is given as |a||b| cos 0, where 6
represents the angle between the vectors a and b taken in the direction of the vectors.
We can express the scalar product as:

a.b=lal|b| cos0

where |a] and |b| represent the magnitude of the vectors a and b while cos 0 denotes the cosine of the
angle between both the vectors and a.b indicate the dot product of the two vectors.

Dot Product Of Vectors

Let # & ¥ are two vectors then their Scalar Product or dot product is 1. v = |u]. |¥|cosO
Moreover if i = xi + yj + zk & ¥ = ai + bj + ck then



uv=x.a+yb+zc
xi+yj+zk & ¥ = ai + bj + ck

<
||

U9 = (xi+yj+ zk )(al + bj + ck )

=x.al.i+x.bi.j+xci.k +y.aj.i+y.bj.j+y.cj.k+z.ak.i+ zbk.j +z.ck.k

= x.a .1+0+0+0+y.b+0+0+0+z.c=x.a + y.b + z.c
Li=1jj=1kk=

Ex:-uU=2i+3j+5kv=1+2j+ 7k findu.v

UV=21+4+32+57=2+6+35=43

Geometrical interpretation of Scalar product:-

O M
let i = OA and let ¥ = OB then . % = |ii|. |¥|cos@
= 041081251 = |04 [oM]
=>[0M| = aa| =L

Therefore scalar projection of ¥ on 1 =

=] ii
|§l
<

=

| gl
QU

Also scalar projection of il on v =

<U

Example:- Find the scalar projection of i = 2i — 3j + 5konv =1 — 2

| el
QU

Solution: - Scalar projection of %t on v = |17|

Now u.” =21+ (—=3) * (—2) +5%7 =43
1B]= /12 + (=2)2 + 72 =54 = 3V6

isction of i on B = &¥ = 42
Scalar projection of il on ¥ = = = =
Example:- Find the scalar projection of # =1 —2j+3konv =1+j+k

Solution: - Scalar projection of t on v = %

Nowd.v =11+ (-2)*(1)+3x1=2
17]= /12 + (1)2+ 12 =3 =3




. . - > Uuv 2
Scalar projection of i on ¥ = = = =
proJ e

Vector Product or Cross product of two vectors:-

Cross Product of Two Vectors

The vector product or cross product of two vectors A and B is denoted by A x B, and its resultant vector is
perpendicular to the vectors A and B. The cross product of two vectors, say A x B, is equal to another vector at right
angles to both, and it happens in the three-dimensions.

BX><A A
=-AxXB

Let 1 & v are two vectors then their Vector Product or cross product is uXv = |u]. |V]. sin@
Moreover if i = xi + yj + zk & ¥ = ai + bj + ck then

~

)
uXv =

ik
y z
b c

iXi=jXj =1,kXk=0

Ex:-u=2i+3j+ 5k &V =i+ 2j + 7k find uXv
i j ok
Solution:-uXv =|2 3 5
1 2 7

=1(3*7—2%5)—j(2*7—1%5)+k(2%2—1%3)
=11i -9+ k
Ex-u#=1—3]+5k&v=1+]+ 2k find iXv

i j k

uXv=1 -3 5

1 1 2

=1(—3%2—-5%1)—j(1%2—-1%5)+k(1*1—1%-3)
= —11i + 3] + 4k



Geometrical Interpretation of vector product:-

B

O M A

Let U & U are two vectors which are represented by
04 and OB respectively in the pic.

We know that |u"Xv | = |ul.|?]. sin@

=> [u"Xv"| = 0A.0B.2= = 0A.BM

=> |u"Xv"| = area of the parallelogram OACB
Vector Projection: -

E
)

Vector projection of ¥ onu =

8l
™~

el
<
U

Vector projection of i on v =

=
N

Example:- Find the vector projection of ¥ = i + 2j + 7k
onu =2i+3j+5k

Solution: - we know that Vector projection of v on u = %ﬂ’

.7 =43&|i| =38

uv_, 43 (214 3] + 50) _43(2A+3A+5E) _43. 129, 215,
mEt i ~3g\t T ~19'" 387" 38

(v38)°

Ex- find area of a parallelogram whose sides are representer by the vectors i — 3j + 5k and
i+j+2k

We know area of the parallelogram is magnitude of cross product of two vectors represented the sides
of parallelogram

Here two side of vector givenis let #=1—3j+5k ©=1+j+ 2k

So area of parallelogram is

~

i ] k
uXv=1 -3 5
1 1 2

=1(—3%2—-5%1)—j(1%2—-1%5)+k(1*1—1%-3)
= —11i + 3] + 4k
Now area is magnitude of



| X% =/(-11)2 + 32+ 42 =121+ 9 + 16 = V146

Ex- find area of a triangle whose two sides are represented by the vectors i —3j + 5k and i +
j+2k

We know area of the triangle is magnitude of half of cross product of two vectors represented the
sides of triangle

Here two side of vector givenislet 7i=1—3j+5k ©=10+j+2k

So area of triangle is

~

1 . 1|t 7k

SUXv=511 -3 5

1 1 2

1 .
=5@(=3%2-5+1)—j1+2-1+5) +k(1+1-1x-3))

=~ (—111+ 3] + 4k )

Now area is magnitude of

1 1 1
§|ﬁxﬁ| = E\/(—11)2 +32+42=+1214+9+16 = E\/146




LIMIT AND CONTINUITY

x2 -1

Consider the function f(x) = .
X —

You can see that the function f(x) is not defined at x = 1 asx —1 s inthe denominator. Take the
value of x very nearly equal to but not equal to 1 as given in the tables below. In this case
x-1# 0asx = 1.

2 —
-. We canwrite f (x) = X =1_ (x+1)(x-1)

=X +1, because x —1 0 andso division by

x-1 (x-1)
(x -1) ispossible.
Table -1 Table - 2
X f(x) X f(x)
0.5 15 1.9 2.9
0.6 1.6 1.8 2.8
0.7 1.7 1.7 2.7
0.8 1.8 1.6 2.6
0.9 1.9 1.5 2.5
0.91 1.91 : :
; : 1.1 2.1
0.99 1.99 1.01 2.01
1.001 2.001
0.9999 | 1.9999 ; :
1.00001 2.00001

Inthe above tables, you can see that as x gets closer to 1, the corresponding value of f () also
gets closer to 2.

However, inthis case f(X) is not defined at x = 1. The idea can be expressed by saying that the
limiting value of f(x) is 2 when x approaches to 1.

Let us consider another function f(x) =2x. Here, we are interested to see its behavior near the
point 1 and at x = 1. We find that as x gets nearer to 1, the corresponding value of f (x) gets
closer to 2 at x=1 and the value of f (x) is also 2.



So fromthe above findings, what more can we say about the behaviour ofthe functionnearx =2 and at x =2 ?

In this lesson we propose to study the behaviour of a function near and at a particular pointwhere the function may or

may not be defined.
2

. . . . X~ -1
In the introduction, we considered the function f(x) = L We have seen that as x

approaches I, f(x) approaches 2. Ingeneral, ifa function f (x) approaches L when x approaches
a', we say that L isthe limiting value of f (x)

Symbolically it is written as

lim f(x) =L

X—a

Now let us find the limiting value of the function (5x _3) when x approaches 0.

lim (5x -3)

ie.
Xx—0

For finding this limit, we assign values to x from left and also fromright of 0.



X -0.1| -0.01 | -0.001 | —0.0001..........
5x—-3 | -3.5| -3.05 | —3.005 | -3.0005 ..........

X 0.1 { 0.01 | 0.001 | 0.0001..........
S9X—-3|-25|-295|-2.995| -2.9995.........

It is clear from the above that the limit of (5x —3) as x — 0 is -3

ie. lim (5x-3) =-3

X—0

This is illustrated graphically in the Fig.

«———— (01,-25)

s (0, -3)
,
Fig. 25.1

(0.1, —3.5)

The method of finding limiting values ofa function at a given point by putting the values ofthe
variable very close to that point may not always be convenient.

We, therefore, need other methods for calculating the limits of a function as x (independent
variable) ends to a finite quantity, say a

2
Consider an example : Find lim f(x), where f(x) = X9
x—3 X-3

We cansolve it by the method of substitution. Steps of which are as follows :

Remarks : It may be noted that f(3) is not defined, however, in this case the limit of the

You have already seen that x —a means x takes values which are very close to 'a', i.e. either
the value is greater than 'a' or less than 'a'.



In case x takes only those values which are less than 'a’ and very close to ‘a' then we say x is

approaches 'a' fromthe left and we write it as x — a~. Similarly, if x takes values which are
greater than 'a'and very close to ‘a’ then we say x is approaching ‘a’' fromthe right and we write

itas x »>a’.

Thus, if a function f(x) approachesa limit |1, as x approaches 'a’' from left, we say that the left

hand limit of f(x) as x > ais l;.

We denote it by writing

Iim_f(x):ll or lim f(a—h):ll,h>0

X—>a h—0
Similarly, if f(x) approaches the limit |, as x approaches ‘a' fromright we say, that the right
hand limitof f(x)as x »a is 5.

We denote it by writing

lim f (x) =1, or lim f(a+h)=1,h>0

x—a’ h—0

Working Rules

Finding the right hand limit i.e., Finding the left hand limit, i.e,
lim f(x) lim f(x)
x—a X—a
Put Xx=a+h Put  x=a-h
Fing [ f(a+h) Fing M fa-h)

Note : Inboth cases remember that h takes only positive values.



Limit of a function y=f(x) at x=a Consider an example :

Find lim f(x), where f(x)=x? +5x +3

Xx—1
Here lim £ = lim | (L+h)2 +5(1+h) +3]
x—>1" h_)0|L |
= lim r1+ 2h +h? +5+5h+3—|
h—>0L J
=1+5+3=0..... (i)
and lim f(x) = lim [ (1= h)? + 51— h) + 3]
X—)l_ h—0 J
— lim[1-2h+h2? +5-5h +3]
X—>OL J
=1+5+3=9 ... (i)
From (i) and (ii), lim f(x)= lim f(x)
x—1t x—1"

Now consider another example :

Evaluate: lim X =31
x—>3 X—-3
Here lim [X=31_ i, [B+h)-3|
vs53" X=3  ho0[(B3+h)=3]
Ihi

= lim E(as h>0, so |h|=h)

=lim' '
h—0 h h—0 h
S (i)
and lim |X_3|:Iim|(3_h)_3|

3~ X—3  h-0[(3—h)-3]

| h| = jim " =
— lim /= _ (ash>0,s0|-h|=h)

lim X231 jim
3t X=3 x5 X3

-.From(iii) and (iv), y

Thus, inthe first example right hand limit = left hand limit whereas in the second example right
hand limit = left hand limit.

Hence the left hand and the right hand limits may not always be equal.



Basic Theorem on Limit

1. limcx=c lim x, cbeing a constant.
X—a X—a

To verify this, consider the function f (x) = 5x.

We observe that in lim 5x , 5being a constant is not affected bythe limit.
X—2

lim5x =5 lim X

X—2 X—2
=5x2=10
2 lim [g(x)+h(x)+p(x)+ ,,,,, T= lim g(x)+ lim h(x)+ lim p(x) +........
X—a X—a X—a X—a

where g(x), h(x),p(x), .... areany function.

3 )!i_r)na[f (x)-g(x)] =X|12 f(x) )!i_rllg(x)

If lim f(x) = land lim g(x) = m, then
X—a X—a
(i) )!i"a kf(x) =k )I(i_r)naf (x) =K' where k is a constant.
. lim [f(X) £ g(X)] = lim f(x) £ lim g(x) = 0+ m
(") X—a X—a X—a
lim [f(x)-g(x)] = lim f(x)- lim g(x) = 0-m
(I") X—a X—a X—a
lim f
(iv) lim f() :M: , provided lim g(x) =0
x»ag(X) limg(x) m X—a
X—a

The above results can be easily extended in case of more than two functions.

Find lim f (x) , where

Xx—1
2
X“ -1
, X#1
f(x)=j x—1
1, Xx=1
_ ¥ -1 (x=1)(x+1
Solution : f(x) = = =(x+1) [ x=1]

X-1 x -1

limf(x) = lim(x+1) —141=9

X—1 X—>1



lim V12 -X =X

Evaluate : _
x—3 \J6+X -3

Solution : Rationalizing the numerator as well as the denominator, we get

lim~AX =X lim V125 x) (VT K e x) (VX +3)
x=3 \J0+X -3 x-53 \/6+X_3(\/6+X+3)(\/12—X+X)

i (22x4) BEx+3

x23 6+X-9 x53/12-X+X

_im 2O =3) o BEx 48 [ xxg)
X—3 (X—3) x>312—-X +X

= —(3+4)-E=—7
6

Note : Whenever inafunction, the limits of both numerator and denominator are zero, you
should simplifyit in such a manner that the denominator ofthe resulting functionis not zero.

However, if the limit of the denominator is 0 and the limit of the numerator is non zero, then
the limit ofthe function does not exist.

Let us consider the example given below :



1
Find lim _ | ifit exists.
x—0 X

Solution : We choose values of x that approach 0 from both the sides and tabulate the

1

correspondling values of <

0.1

-.01

—-.001 | —-.0001

-10

X || X

-100

—1000 | —10000

0.1

.01

.001

.0001

10

X || X

100

1000

10000

. 1 .
We seethat as x — 0, the corresponding values of > are not getting close to any number.

1
Hence, !iM — does not exist. This is illustrated by the graph in Fig. 20.2

x—0 X

y
54
4_-
3--
2-—
-1
1+ K =%
-5 -4 -3 -2 -1
L 1 I ] I l ] l ] L
X O 1 2 3 4 5 X
x |-
- -2
- -3
L —4
- -5
yl

Evaluate :

Iim(|x|+|—x|)
Xx—0



Solution : Since |x| has different values for x >0 and x<0, therefore we have to find out both
left hand and right hand limits.
lim (Ix|+|-x[)=lim (|J0-h[+|—-0-h)])

B h—0

X—0

= lim (|—h |+ |—(=h) |)
h—0

_limh+h=1im2h=0 M
h—0 h—0
g lim (Ix|+[=x])=lim (j0+h|+[-(0+h)])
an x0T h—0
=limh+h=1Iim2h=0 (i)
x—0 h—0

From (i) and (ii),

lim (x| +|-x])=tim [}x]+[x|]

x—0 h—0
Thus, lim[|x]|+[-x[]=0
h—0

Note : We should remember that left hand and right hand limits are specially used when (a)
the functions under consideration involve modulus function, and (b) function is defined by
more thanone rule.

Example-Find the vlaue of 'a’ so that

lim f(x) exist, where  f(x) = 1[32>< +5 X sll
X+aXxX>

Xx—1

Solution : lim f(x) = lim (3x +5) [ f(x)=3x+5 for x <1]

x—>1 x—>1

=lim [3 (1~ h) + 5]
h—0

lim f(x)=lim(2x +a) [0 f(x)=2x+a for x >1]
x—1" x—1

=lim (2(1+h)+a)
0

h—

We are giventhat lim f(x) willexists provided
x—1



i lim sinx=0 lim cosx =1
(i) Provethat (a) *50 and (b) 0

Proof : Consider a unit circle with centre B, in which £ C is aright angle and £~ ABC = x
radians.

Now sinx=AC and cos x =BC
As x decreases, A goes on coming nearer and nearer to C.

i.e.,, when x -0,A—>C

orwhen x - 0,AC >0

O

I\
1\
and BC — AB,i.e., BC -1 iy
11
11
~WhenXx—0 sinx -0 and cosx —1 :‘Ei
L
Thus we have /
. : !
lim sinx=0 and lim cosx =1 Fig. 25.3
x—0 x—0
. . sinx _
(ii) Prove that lim —=1
x—0 X

Proof : Draw acircle of radius 1 unit and with centre at the origin O. Let B (1,0) be a point on
the circle. Let Abe anyother point onthe circle. Draw AC L OX .

Let ZAOX =x radians, where 0<x<_" *
2 D
Draw a tangent to the circle at B meeting OA produced A
at D. Then BD 1 OX. —> Tangent
Areaof AAOC < areaofsector OBA < areaof AOBD .  « X > X
of c /B
or} OCXAC < 1 x(1)? < - OBxBD \j
2 2 2 Fig.25.4
|_D area of triangle= L basexheight and area of sector = L 0 r2—| M
L 2 2]
. 1 1
—COSX SINX < —X < —-1-tan X
’ 2 2 2
rD COSX = oc ,SinX = AC and tan x = BD ,OA=1= OB—|
|_| OA OA OB |J
ie., cosx < X < tan x 1

sinx sinx [Dividing throughout by ;sin X]



X 1
or COSX< <
sinXx  €os X
1 sin x
or > <COoSX
COS X X
sin X 1
i.e. COSX<— <
X COS X

Taking limitas x — 0, we get

} . sinx ..
lim cos x < lim < lim

X—0 . x>0 X Xx—0 COS X
. sinX [© _
or 1<Ilim <1 T limcosx=1and lim 1 1 |
x—0 X | lJ
[ x50 x>0C0SX 1
. sinX
Thus, lim =
x—0 X

Note : Inthe above results, it should be kept in mind that the angle x must be expressed in
radians.

1

lim(1+x)” =e
x—0

lim 109(1+x) _ lim lIog(1+x) = lim log (1 + x)

Xx—0 X x—0 X X—0
. sin 3X
lim )
Evaluate :
x—0 X
Solution : lim SN 3X _ |im SIN3X 4 [Multiplying and dividing by 3]
x=>0 X x—0 3X
. sin 3x
=3 lim [0 when X — 0,3x — 0]
x>0  3X
-31 Fi lim SINX _ ]
1
=3 |_| Xx—=>0 X
Thus, lim SIN3X _ 3

Xx—0 X



Note

0 lim kf(x) =k lim f(x) = k
(i) lim [f(X) £9(x)] = lim f(x) + lim g(x) =1 £m
Q) lim [f(x)g(x)] = lim f(x) lim g(x) ='m
lim £ (x)
(ii) limfX) _x5a T provided lim g(x) %0
x»ag(x) limg(x) m x—a

LIMIT OF IMPORTANT FUNCTIONS

X" —a n-1 limsinx =0
® >I<E>na X—a na (i) “ss0
(iii) lim cos x =1 (iv) lim SINX _1
x>0 x>0 X
1
(V) lim (1+x) x =e (vi) lim log (1+ X)
x>0 x—0 X
N et
(vii) lim =1

x—>0 X



o (a, f(a))

Fig. 25.5
Let us observe the above graphs ofa function.

We can draw the graph (iv) without lifting the pencil but in case ofgraphs (i), (ii) and (iii), the
pencil has to be lifted to draw the whole graph.

In case of (iv), we saythat the function is continuous at x = a. In other three cases, the function
is not continuous at x =a. i.e., they are discontinuous at x = a.

Incase (i), the limit of the function does not exist at x =a.

In case (ii), the limit exists but the function is not defined at x =a.

In case (iii), the limit exists, but is not equal to value ofthe functionat x=a.
In case (iv), the limit exists and is equal to value of the functionat x =a.

Ex-Examine the continuity of the function f(x) = x —a atx=a.

Solution - lim £(X) = lim f(a+h)
"X—a h—0

= lim[(a+ h) —a]
h—0
T 0 ittt a e (i
Also f@=a-a=0 L (i)
From (i) and (ii),
lim f(x) =f(a)

Thus f(x) is continuous at x = a.
Ex-Show that f (x) = c is continuous.

Solution : The domain of constant function c is R.Let 'a’ be any arbitrary real number.

limf(x)=candf(a) =c
X—a

lim f(x) =f(a)

-. F(X) is continuous at x=a. But 'a" is arbitrary. Hence f(x) = ¢ is a constant function.



. : 7 y
Consider the function f (x) = _x. We know that Y
2
X isaconstant function. Let 'a’ be an arbitraryreal 4
number.
lim f(x) = lim f(a + h)
X—>a h—0
_lim L (@+h)
h—0 2 0 > X
— 7 -
=—a . (i) Fig. 25.7
2
7 -
Also f(a)= 2 . (ii)
- From(i) and (ii),
lim f (x) =f(a)
X—a
7 . .
- F(x)= _x iscontinuous at x = a.
2
q 7
E is constant, and x is continuous functionat x =a, Ex isalso a continuous functionat x =a.
0] Consider the function f(x) = x? + 2x . We know that the function x? and 2x are
continuous.
Now lim f(x) = lim f(a + h)
X—a h—0
—tim @@ +h)2+2(a+h)!
0 |
= lim faz +2ah+h? +2a+ 2ah—‘
h—>0|- J
=a®+2a (i)
Also f@=a’+2a . (ii)

. From (i) and (ii), im () =T(@)
- f(x) is continuous at X = a.

Thus we can say that if x> and 2x are two continuous functions at x = a then (XZ + 2X) isalso
continuous at X =a.

@)  Consider the function f(x) =(X2 +1)(X+2). We know that (X2 +1) and (x+2) are
two continuous functions.

Also f00=(x? +1)(x +2)

=X+ 2X° + X+ 2



As x3,2x? x and 2 are continuous functions, therefore.
X2 +2x% + x + 2 isalso a continuous function.

We can say that if (X2 +1) and (x+2) are two continuous functions then (x2 + l) (X+2)

isalso a continuous function.

2
(i) Consider the function f(x) = X" 4 atx=2. We know that (XZ - 4) is continuous at
X+2
X = 2. Also ( x + 2) is continuous at x = 2.
Again lim X =4 = lim (x+2)(x=2)
Xx=22 X+2  x->2 X+2
= lim (x-2)
X—2
=2-2=0
27" -4
Also f(2) =
2+2
4
lim f(x) = f(2). Thus f(x) is continuous at x = 2.
X—2
. . X2 -4 .
If 2 _ 4 and x+ 2 are two continuous functionsat x=2, then 5 isalso continuous.
X +

(iv)  Consider the function f(x) =| x —2|. The function can be written as

f(X)z{—(x—Z),x< 2

(x-2),x>2
lim f) = lim f(2-h) 15 g
x—2" h—0 '
= lim[(2-h)-2]
h—0
=2-2=0
X'L”;+f(x)= MM 0> 0 (i)
= lim [2+h)-2]
X—2
=2-2=0 . (i)
Also F(2) = (2=2) =0 oo (i)

. From(i), (ii) and (iii), /1M F6 =1(2)

Thus, | x —2] iscontinuousat x = 2.



DIFFRENTIAL CALCULUS @erivaTive)

DERIVATIVE OF A FUNCTION BY USING DEFINITION

Differentiation: -

The process of finding derivative of a function is called differentiation. If x and y are two variables, then rate of
change of x with respect to y is the derivative.

Let y = f(x) be a function of x. Then, the rate of change of “’y” per unit change in “x” is given by:

d . . .. . .
é If the function f(x) undergoes change of ‘h’ near to any point ‘x’, then the derivative of the function is defined as

lim f(x+h)=f(x)
h—0 h

Derivative of Function As Limits

Find the derivative of x2 by using definition.

lim fx+6x)—f(x)
Sx—0 S5x

Here f(x) = x?2

d . x+6x)%—x2 . X+8x+x)(x+8x—x
42 = |y EEE oy X )

dx S5x—0 5x Sx—0 5x

= lim E0E) _ iy (2x + 6x) = 2x
5x-0 ox 5x-0
H.w-Find the derivative of x3 by using definition.

The important Differentiation formulas are given below in the table. Here, let us consider f(x) is a function and f'(x)
is the derivative of the function.

If f(x) = tan (x), then f'(x) = sec2x

If f(x) = cos (x), then f(x) = -sin x

If f(x) = sin (x), then f'(X) = cos x

If f(x) = In(x), then f'(x) = 1/x

If f(x) = e*, then f'(x) =e*

If f(x) = x™, where n is any fraction or integer, then f'(x) = nx™~?1
If f(x) = k, where k is a constant, then f'(x) =0

Nogok~kowhE


https://byjus.com/maths/differentiation-formulas/

Differentiation Rules

The basic differentiation rules that need to be followed are as follows:
e Sum and Difference Rule
e Product Rule

e Quotient Rule
e Chain Rule

Sum or Difference Rule

If the function is sum or difference of two functions, the derivative of the functions is the sum or difference of the
individual functions, i.e.,

If f(x) = u(x) £ v(x)

then, f'(x)=u"(x) = v'(X)
Q: Differentiate y = x(3x* — 8)

Solution: Given, y = x(3xz — 8)
y = 3x3 —8X
On differentiating both the sides we get,

d
2 -ox: -8
dx

Product Rule

As per the product rule, if the function f(x) is product of two functions u(x) and v(x), the derivative of the function
is,

I f(X)=u(X)xv(x)

then, f'(x)=u’(x)*v(x)+u(x)xv'(x)
Example: Find the derivative of x?(x+3).

Solution: As per the product rule of derivative, we know;
f(x) = u'(x) x v(x) + u(x) x v'(x)
Here,
u(x) = xzand v(x) = x+2
Therefore, on differentiating the given function, we get;
_dr.,
£(x) = = e(x+3)]
da
£(x) = — () (x+2)Hxe 7 (x+2)
(x) = 2x(x+2)+x2(1)
(x) = 2x2+4x+x2

f(x) = 3x2+4x


https://byjus.com/product-rule-formula/

Quotient rule

If the function f(x) is in the form of two functions [u(x)]/[v(x)], the derivative of the function is

u(x)
f&) = W

then, f'(x) =

u' () xv(x)-u(x)xv' (x)
v(x)2

Example: Differentiate f(x)=(x+2)/\x
Solution: Given,

(x+2)?

Vx

— (x+2)(x%+4x+4)

Vx
= [X3+6x2+12x+8]/x*?

= X12(x3+6x2+12x+8)

f(x)=

= X5246X32412X12+8x ¥
Now, differentiating the given equation, we get;
(x) = 5/2x32 + 6(3/2x2)+12(1/2x2)+8(—1/2x%?)

= 5/2X%2 + 9XI2 + 6% — 4x 32

Chain Rule

If a function y = f(x) = g(u) and if u = h(x), then the chain rule for differentiation is defined as,
dy _ dy du

dx du dx

This plays a major role in the method of substitution that helps to perform differentiation of composite functions.
Find the derivative of f(x) = esn®

Solution:

Given,

f(x) = esn®

Let t = g(x) =sin 2x and u(t) = et

According to chain rule,

df/dx = (du/dt) x (dt/dx)

Here,

du_ d
_:_(

ty = @t
dat dt e) €


https://byjus.com/maths/chain-rule/

dt

_d
—= 9%

— d H
= E(sm 2X)

= 2 C0oS 2X
d

Thus, ar — gt X 2 coS 2X
dx

= esin@9) x 2 cos 2X

= 2 €0S(2x) esin@)

Some important formula

d , . ~_
%—x (sinx)=cosx

%—x (cosx)= -sinx

a —cpp2

%x (tanx)=sec*x

— (cotx)= -cosec®x
dx

d
— (secx)=secx. tanx
dx

d
— (secx)=secx. tanx
dx

d
= (cosecx)= -cosecx. Cot x

a XY= pX
dx(e) €

1

d
= (logx) = -

4@

dx \loga




Derivative of inverse trigonometric function

1 2 5
(i) = — Derivative of the Arcsecant
i(cos‘lx)z-— y=sec” x Yy L
dx 1-x2 secy = x dx sec y\/sec2 y—1
d 1
—(tan~1x) =
dx(tan x) 1+x2 di(sec y) — dix ﬂ s 1
_d_( 1) = 1 ~ > dx x/x* —1
ZsecT R i
secytany— =1 W — = — = = = = — — =
( ¢l ) 1 e : dy 1 !
—(csc7tx) =~ =
i LRGN SR W N
4 1 dx secytany ! |x| x” —1 [
d-(cot Jc)=-1+x2 o e ==t e canse =9

DERIVATIVES OF INVERSE TRIG FUNCTIONS
y =arcsinx y =sin"'x Yy = arc cos x vy =cos 1 x
siny = x Cosy = Xx
d _d . a
TxSiny = —x qx COSY = X
dy dy
— =1 — si - =
cosy = siny e 1
ay 1 _ 1 ay _ 1 1
dx cosy /1 — sin?y dx —siny /1 —cosZv cosZy
d . 1 d 1
—arc sin x = ——— b S e
dx Vi—xZ | R o —— " e

1) Function:-

y=f(x) (Explicit function)

f(x,y)=0 (implicit function)

y=f(t) and x=g(t) (parametric function)

Derivative of implicit function:-

Ex:- sinx.cosy+x.y=0 find %
sinx.cosy +x.y =0———(1)
dif ferentiating equation (1)with respect to x, we get



d (si fxy) = d 0
7, (Sinx.cosy +x.y) =

d d
=> P (sinx.cosy) + Tx (x.y)=0

=> (& sinx) cosy + sinx.-(cosy) + - ().y +x. 2= () = 0
=> (7 sinx ) cosy + sinx.——(cosy) + —— (x).y + 2. (y) =
. - dy dy
=> c0Sx.coSsy + sinx. (—smy).E +1.y+ x.a =0
N L A +y=0
=>x.——sinx.siny -+ cosx.cosy +y =
dy S
=> ar (x — sinx siny) = —(cosx.cosy + y)
dy cosx.cosy +y
=> = -
dx X — sinx. siny

ex:—a*.e¥ =0 thenfindz—z H.W

DERIVATIVE BY USING LOGARITHM
Qy=x

logy=logx?”

logy=ylogx
d _d
—-(logy)=——ylogx

1dy_ a4
;E—logx dx+ydx (logx)

1dy dy 1
——==logx —=+y-
y dx g dx yx

1dy I dy_y

y dx dx x
1 dy_y
= - logx)—==
G gx) =~

1-ylogx d_y: y
( y ) dx x
Y_Ye ¥
dx x (1—ylogx)
w_ (—X— :
dx x(1-ylogx)

)

Q_y — xsinx
Taking log on both sides, we get

logy = log(x*"*) => logy = sinx logx
[as logx? =y logx, log(xy) = logx + logy, logi = logx — logy]



Now differentiating both sides, we get

—>dl —d(' l )
= Ix ogy—dx sinx logx

1dy—(d ; )l + sinx.—1
Sax = \gy Sinx logx + sinx. ;- logx

1 ox loga + si
= ydx = cosx.Logx Slnx.x

=> dy = ( l + si 1)
=>—_=y|cosx.logx + sinx.—
=> dy = x5"¥ (cosx.logx + sinx.l)

dx X

Ex:-y = x* find X HW

«_ay — lanx £z ﬂ
Ex-y=x find x
y = ytanx
Tanking log on both side, we get

logy = logxt*™* => logy = tanx logx

Differentiating both sides with respect to x, we get

d
=> alogy = atanx logx
—>1dy—[d(t )]l +t [dl ]
=>Jdx - lax anx)|.logx + tanx |—— logx

—>1dy— 2x.logx +t !
= ydx—SeC xX.logx anx.x

—>dy— [ 2x.logx +t 1]
= dx =Yyj|sec”x.iogx anx.x

=> dy = xtanx (sec? x.logx + tanx 1)
dx ' x

d .
Tx (cosy) thinky =X

d e X dy
dx COSA = —SIn .dx— smy.dx



4 (s — 4
— (siny) = cosy —

2 (cosx?) Think x3 = X
dx

d : dx : d
—cosX = —sinX.— = —sinx3.—
dx dx dx

3

x3 = —sinx3.3x?

DIFFRENTIATION OF A FUNCTION WITH RESPECT TO ANOTHER

FUNCTION OR PARAMETRIC FUNCTION

y=sint and x= cost then find %

d &y t
y at cos
— =g = = —cott
dx dx —sint
dt

_.d
y=t2andx=atfmd£

dy
dy g _ 2t
dx dx atina
dt

.. d
y =sectand x = cosectfmd%

Q-Diffrentiate sinx w.r.t cos x

Yy1=SIiNX Yy2= COS X

dy,_d , .
-2 (sinx) = cosx
dx dx

dy,_d .
22-2 (cosx) = —sinx
dx dx

d d d cosx
J/1: Y1 sy Y2 — X — _cotx
dy, dx dx - sinx

ALTERNATELY

dy
dy (dy) (dt) ac
—_— =7 = —
dx dt dx dx
dt

dy_d g .
dt_dtsm = cost;
dx d . it
dt_dtcos = —sin
dy d ,
E—Et = 2t;
dx_d tZ gt
dt_dta = a'lna



p=sinX = Cos X

dp_d , .
=2 (sinx) = cosx
dx dx

d
B —(cos x) = —sinx
dx dx

PP 20 - L% - _ootx
dq dx Tdx  —sinx

Q-Diffrentiate 35™*w.r.t logx
y1:3sinx yo= |OgX

Ayi_4d (asinx ) — qsinx 4 (ei
= (3sinx ) = 35inx ogg3. ——(sinx)
=35"% Jog3.cosx

2_d (] 1
dx dx ( 9 ) x

dy1:dy1 N dyz 3sinx log3 cosx
dy, dx = dx ( )

= x .35 log3.cosx
Q-Diffrentiate e?w.r.t tan~1(cosy)

p=eY q=tan"1(cosy)

dpd

eY) =e¥
dydy ) €

—(cosy)

1 —
y d (tan (COS_’V)) 1+cos?y dy

d

(=siny)
1+cos?y

T Trcosz, (TSIMY)=

" 1+cos? y

dp_dp _ dq — oV < (=siny) (1+coszy)ey
dq dy v dy ¥ 1+cos?y (—siny)

Q- Diffrentiate sec™* xw.r.t cos™! x

-1 -1

yi=sec *x Yo=cos !tx
dJ’1 -1 1

sec X )= —F/—
dx dx( ) xVx2-1
dyz -1 -1

COS X) =
dx dx ( ) V1i-x2
ayi_dy: dJ/Z _ 1 -1

dy, dx TxVxP—1 | Vi-xZ



Q- Diffrentiate sinx w.r.t e’

. 2
yi=sinx  Y.=e”*

dy,_d , .
A (sinx) = cosx
dx dx
a_d (exz) =e*".2x
dx dx

dy;_dy; ., dy, _ cosx

dy, dx  dx eX? 2x

Find the derivative of sinx with respect to cosx.

Let y=sinx and z= cosx

dy
. . d dy dx o
TofindZ=2Z = ax
dz dx dz =2
dx
d dz .
Here é = coSXx and; = —sinx
d &y
g cosx
2 —dx - X oy
dz =z —-sinx

Ex:- Find the derivative of a* with respect to secx.
Ex:- Find the derivative of x3 with respect to e*.

Ex:- Find the derivative of logx with respect to tanx.

Successive derivative:-

y=f(x) then % — 1st derivative

d? . . .
d—szl — 2nd sucessive derivative

as . . . : :
d—xj; — 3rd successive derivative or 3™ order derivative

) . d? . . ) ) )
=sinx find =2 or second successive derivative or 2" order derivative
dx?



. d d? dd
y=sinx=> ﬁ = cosx => 2 = —2 =

d .
= = = —(cosx) = —sinx
dx dx dx dx

d3 d d? d .
—33/ = ——32’ = — (—sinx) = —cosx
dx dx dx dx

. d? d3
y=cos x find == & ==

dx? dx3

y=X
v _ .dzy =0
dx " dx?
y=sinx
d d? . d3
Y = cosx; 2L = —sinx; 22 = —cosx
dx dx? dx3
d* . .
d—x%: = —(—sinx) = sinx

If there is any doubt on differentiation ask

Find the derivative of tan? x? — 2x2? + 3

Solution:- Cf—x(tan2 x%2—2x%2+3)

= ;—x (tan? x?) + :—x (—2x2) + :—x 3)

= ;—x[tanz x?] — de—x(xz) +0

= ;—x [tan? x?] — 2.2x + 0

= ;—x [tan? x?] — 2x? = 2tanx?.sec? x?.2x — 2x?
Now;—x [tan? x?] = :—x (tanx?)?

[tanx? = X] ::—x X)? = 2X.Z—j: = 2tanx2.:—x(tanx2)

x2=X] =2tanX.* (tanX) = 2tanX.sec? X .
[
dx dx

d
= 2tanx?.sec? x? .axz = 2tanx?.sec?® x%.2x



PARTIAL DERIVATIVE

Partial Differentiation: - The procedure of finding partial derivative of a function is called as partial
differentiation

Function with more than one dependent variable.

If f(x,y) is a function, where f partially depends on x and y and if we differentiate f with respect to x and y then the
derivatives are called the partial derivative of f. The formula for partial derivative of f with respect to x taking y as a
constant is given by;

PR R (L3 b S C30)
T ax h=o h
And partial derivative of function f with respect y keeping x as constant, we get;
L fuy+h) —fGoy)
f}r = @ = My _.p h

Product Rule

If u=1(x,y).g(x,y), then,

du af dg
Uy = 50 = Q(x,}’)a +f(x,y)£

du af dg
And,u, = 5 = (%J")@Jr f(l:y)@

Quotient Rule

If u = f(x,y)/g(x,y), where g(x,y) # 0, then;

_ g(x.y)g—i —f (x,y)g—i
N [g(x,)]?

Uy

g(x.y);"—j— f(x.ng—j’j
[g(x,y)]?

And U, =



y=sinx
variables: - y (dependent) & x (independent)
find partial derivative of z=sinx.cosy+cosx.siny

variable: - x,y(independent) & z(dependent)

92 -2 (sinx.cosy + cosx. siny)
ax  dx ) y ) y

a , . P .
= (sinx.cosy) + . (cosx. siny)

a . .2 ) . a , .
= (E smx) .cosy + sinx — (cosy) + [a (cosx)] siny + cosx.—— (siny)

= cosx.cosy + sinx.0 + (—sinx)siny + cosx.0

= C0SX.C0Sy — sinx.siny

L (0.9 == (f(0). g(0) + f(0). 2= g ()

Q-z=sinx.cosy+cosx.siny

dz 0 . .
— =— (SInx.cos coSx.Sln
P ay( y + y)

a , . P .
=3 (sinx.cosy) + P (cosx.siny)

a . .8 d . 3 , .
= (5 smx) .cosy + sinx - (cosy) + [5 (cosx)] siny + cosx. ;- (siny)

= 0.cosy + sinx. (—siny) + 0.siny + cosx.cosy

= c0SXx.coSsy — sinx.siny

L (F(0).9(0) == (). g00) + F (). = g (x)
— . 0z 0z

Let z=a*.y + x.a” then find F and P

0z

_i x y _i X i y
6x_6x(a Yy+x.a )—ax(a .y)+ax(x.a )

— (2 x) x 9 (i ) y 9 gy
—(ax.a yt+a¥.—y+(-x)a’ +x.o-.a
=a*lna.y+a*.0+ 1.a” + x.0 = ya*lna + a”

0z

_i x y _i X i y
6y_6y(a YV+x.a )—ay(a .y)+ay(x.a )

_ (2 x) x 0 (i ) y 9
—(ay.a y+at. oy +(5,%)e +xa



=0.y+a*.1+0.a” +x.a”lna = xa”lna + a*
: —x2 2 i 9% 9z
h.w-Let z=x*y + x. y* then find P and 3

2x-3y
x2+y2)

Find fx(1,2) , fy(1,2) if f=(

« =
dx x2+y2

[7] 2x—3y)

a a
4y ?) 2 (2x-3Y) — (2x—3Y) (X% +Y?)
(2 +y2)?

fx

£ _(x%2+y?)2—(2x-3y)2x
X= (x2+y2)2

(12422)2—(2.1-3.2).2.1
(12+22)2

x(1,2)=

10—(—4)2
fi(1,2)= #
f(1,2)= g

_ 0 ,2x-3y
y _a(xz_‘_yz)

225219 (50 20V (9 —2v) O (22
:(x +y )ay(zx 3y)—(2x 3J’)ay(x +y4)
y (x2+y2)2

f =02 HyH(E3)-(2x-3y)2y
y (x2+y2)2

(12+22)(-3)-(2.1-3.2).2.2

f(1,2)= 2

- 5_ -
fy(1,2)= =G
fy(1,2)= —

find fx and fy of f= x¥+y*
f :i(xy+ )

x = (xV+y

fx :yxy_1+yxl0g_'y

f, =2 (x? + y¥)

Y =5, y

fy=xYlogx + xy*~1



Q-find fyx and fy of f= x¥
_0
fx —a(xy)
fx=yx¥y~1
]

fy =—xY
ar

fy=xYlogx

Q- find fx and fy of f(x,y)= 5xy>+4x
_0 2

fx = ax(5xy +4X)

fi=5.1.y>+4.1
—\241-9f

fx=5y +4_6x
_0 2

fy = ay(5xy +4X)

fy=5.x.2y+0

— _9f
fy—loxy——ay
9% a a
it =g (0)= 5 (By+4)=0

a2 d a
555 =fy=3,(F)= 5> (10xy)=10x.1=10x

?2f
dx dy

=fy=2-(f,)= - (10xy)=10.1.y=10y

a? b b
srar =g (f)= 5> (5y* + 4)=10y



INTEGRATION

The integration is the process of finding the antiderivative of a function. The integration is the inverse process
of differentiation.

The function F (x) is called anti-derivative or integral or primitive of the given function f (x) and c is
known as the constant of integration or the arbitrary constant. The function f (x) is called the
integrand and f (x)dx is known as the element of integration.

:—x (sinx)=cosx [ cosx dx = sin x+c

:—x (cosx)=-sinx [ sinx dx = —cosx +C

:—x (tanx)=sec®x [ sec?x dx = tan x+c

j—x (cotx)=-cosec’x [ cosec?x dx = —cotx+cC
j—x (secx)=secx. tanx

[ secx.tanx dx = secx+c
d
- (cosecx)= -cosecx. Cot x

[ cosecx.cotx dx = —cosecx+C
j—x(ex)= e* [e*dx=e*+c

d 11
—(logx) = - f; dx = logx + ¢

i(ax)=(ax) [(a*) dx = AN

dx \loga loga

;—x(x”“) (n+ 1)xm+D-1

n+1 n+1
n+1 n+1
L& )z yn [xm de=""24 ¢ ne -1
dx n+1 n+1
1+1 2
[ xtdx =%+c:x—+c
2+1 3
[x2dx =924 c=X4c
2+—12+1 3 -1
fa? 20y o
—2+1 -
fx‘l dx = logx + ¢
6 _ ( 6+1) _ 7
Jx¢dx ="+ c="4c
( 7+1) 8
[x7dx + c==+c
7+1 8
8 ( 8+1) _ 9
[ x8dx + c==—+c
8+—18+1 ? -7
[x8de=""4c=""4¢



d . 4 _ 1 1 I
—sinTtx= = [=5dx=sinTlx+c
-1 1 -

= Jg==dr=—cosTtx+c

d 1 1 1 1
—tan~ "' x= ——dx=tan " ‘x+c
dx 1+4x2 f1+x2 +

d -1 =
—COS ~ X=
dx

d 1 1 1 1
—sec 't x= dx =sec ™ *x+c
dx xVx2-1 fx\/xz—l +

Question [ cos2x dx
2x=t
Lox= L=
dx dx dx
2=2  dx=dt/2
dx

dt
jcost dx =jcost7

1] tdt 1't+ 1'2+
5 | costdt = osint + ¢ = o sin2x +c

guestion-
f sin 3x dx
3x=t
dgye dyt
dx a dx dx
3=— , dx=dt/3

dx

] o dt

.[Sln3x dx = fsmt?
1 ] 1 -1
§f sint dt = 3 (—cost) + ¢ = ?cos3x +c

Question-[ sec?3x dx

3x=t
g it
dx dx dx
=2 dx=dt/3
dx
dt
= fsec23x dx = fseczt?

1 1 1
= §f sec’t dt = g(tant) +c= gtaan +c

Question-{ (x + 1)%dx
=[(x? + 2x + 1)dx
3 2

al +2x? +X+C

)
:%3 + x2% +x+C
Question- [ (x + 1)%dx
Let t= x+1

L (x+1)= Lg=%
dx dx dx



=[(t)%dt = §+c
(x+1)3+c
:(x3+3x2+3x+1)/3 +C

x3 3x%  3x 1
—+t—+—+-+c
3 3 3 3

x3 2
=5 txttxtc
[(x + 1)2dx
=[(x? + 2x + 1)dx
x3 | Ax?
=— +2— +X+C
3 T2
x3 2
=+ x? +x+C
Question-[(2x + 1)%dx

Let t= 2x+1
L (2x+1)= Li=2
dx at dx dx
2=a
dt/2 =dx
10
[(x +1)%x =f (” =
:(2x+1)1°+C

20
QUESTION-[ 2x2% + e*dx
= fode + [ e*dx

—2—+e +c

QUESTION f(1 - x)Vx dx
f\/}—x% dx

:fsx/Esdx -f X7 dx

_xi x2
R
2 2
3 5
2x2  2x2
=== 2

3 5

QUESTION-[

X +3x+4

dx

:f\/_f \/_+—dX

_ x3 3x 4
—f\/—_ﬁdx+f\/—§dx+f\/—§dx

1 -1
:fxidx+f3x5dx+f4x7dx

=22 32244724
2 2 2
Question [ secx(secx + tanx) dx

=[ secx(secx + tanx) dx

=[ sec?x + secx. tanx) dx

=[ sec?x dx + [ secx.tanx dx
=tanx+secx+c



sec%x
cosec?

Question [
:f sin?x dx

cos?x
=[ tan®x dx
[ sec’x —1dx
[sec’xdx — [1dx
=tanx-x+c

X

Formula [ tanx dx

=| tanx dx
J
:f sinx dx

cosx
t=cosx

dt -

—= -SINX

dx ]

-dt=sinx.dx

:f sinx —dt

dx = | —
cosx t

=- logt+c
= -log cosx+c
=log (cosx)*+c
1
=|Og COSJC+C
= log |secx| +c
=log secx+c
[ tanx dx= log secx+c

FORMULA | cotx dx=log sin x+c

cosx

dx

[ cotx dx=[

t=sinx

dt

—= COoSX
dx
dt=cosx.dx
:f coSx dx — fﬂ

sinx t
= logt+c
= log sinx+c
[ cotx dx= log sin x+c

FORMULAfsecx dx

secx(secx+tanx)
secx dx=| —————
f f secx+tanx

_f sec?x+secx .tanx

secx+tanx

t=secx + tanx

dt
—.=secx.. tanx+sec?x

dt= (secx . tanx+sec?x)dx
=[ secx dx



f secx(secx+tanx)

secx+tanx
=[x
t
=logt+c
=log(secx + tanx) + ¢
[ secx dx= log(secx + tanx) + ¢
[ cosecx dx=log(cosecx — cotx) + ¢ HW

Problems on integration by substitution

In this method of integration by substitution, any given integral is transformed into a simple form of
integral by substituting the independent variable by others.
Take for example an equation having an independent variable in x, i.e. [ sin (x¢).3xz.dx (),

In the equation given above the independent variable can be transformed into another variable say t.

Substituting xs =t (i)

Differentiation of above equation will give-
3xe.dx = dt (iii)

Substituting the value of (ii) and (iii) in (i), we have

[ sin (x3).3x2.dx = [ sint. dt

Thus the integration of the above equation will give
[sint.dt=-cost+c

Again putting back the value of t from equation (ii), we get

[ sin (x¢).3x2.dx = -cos X2 + ¢

Evaluate [ 1?:(2

Take t=1 + x?
CL 2dx.
dx
dt=2xdx
2X
f1+x2dx
—ra
o
= logt+c
=log(1 +x?) +¢

g-Evaluate |
=(—L
_f x(1+logx)
t=1+logx

dat _ 1

dx

1

x+xlogx

dx x

dt=2 dx
X

_ 1
_f x(1+logx)
_rdt

o



=logt+c
=log(1+logx)+c

question-[ xvx + 2 dx
x + 2=t

dx

dt=dx

=f (t- VT dx

=f tz -2 tz dx

_2ﬁ—22—+c

:2(x+2)5 _a (x+2)%+C

QUESTION-
1 2
f(\/;—ﬁ) dx
J(x = 2)?dx=[ (x + = 2)dx

x2
=7+logx—2x+c
2
=[ ({092)” 4.
X

t=logx
dt:1

dx x
dt=2 dx
X
=[ t2dt

t3

T3

3
_(ogx)?*

3
Question-[ xvx + 2dx
t=x+2,
ar_

dx
dt=dx
=[(t — 2)\/tdt
3 1
=[tz — 2tz dt
5 3
t2 t2
= & — 25+C
S "o
(x+2); 9 (x+2)2

() ()

5 3
:2(x+2)2 ) (x+2)2

(5) 3
. 1
Questlon-f PO~ dx

+C

_ 1
=J T



t=vx — 1
a_ 1
dx 2vx
-1
dt—2 N dx
-1
2 dt= N dx

_ 1
= N

1
==| =2
D dt

oL
=2f ot
2log t+c—2log(\/ -1 +c
-1
dx

X

Question- f

t= tan Tx

-1
—etan™"x 4 .

Alternate g-[ xvx + 2 dx

X+ 222 (t=/(x ¥ 2)= (x + 2)3)
= (x+2) = ()

_%(tZ) ﬂ
1=2t. &

dx=2t. dt

=[xVx+2 dx
=[(t? — 2)t 2tdt
==[(t3 —2t) 2t.dt
=[(2t* — 4t?) dt
5 3
5 3
zz(x-;z)z _ 4(x+2)2_'_C

3
2x _
QUESTION[ < 2 ax

e2xq1
.’— ex(ex _ e—X)
———dx
eX(e* +e™)
t=(e*+e™)
dt=(e* — e™)dx
—f e*(e* —e_x)
eX(eX+e™%)
f(e —e_x)
(ex+e‘x)
=[Lat
t
=logt +c
=log(e* + e™*)+c

dx




questllonf .
:fwdx
1+2

sinx
_ sinx
=[—SME gy
sinx+cosx

cotx

_lj-sinx—cosx+cosx+sinx dx

2 sinx+cosx
_1 f sinx+cosx +1 f sinx—cosx
2 Y sinx+cosx 27 sinx+cosx
1 1 [ sinx—cosx
=1 [ e SO g
sinx+cosx
1 fsmx cosx
% smx+cosx
=X+ f dt (t=sinx + cosx,dt = (cosx — sinx)dx

—dt = (sinx — cosx)dx
== x+= (—logt)+c
:% x+§ (—log( sinx + cosx)+c

=2 (x —log( sinx + cosx)+cC

uestlon
q f 1+tanx
_f smx
COSX
cosx
= f—dx
sinx+cosx
cosx—sinx+sinx+cosx
== f dx
smx+cosx
f sinx+cosx f cosx—sinx
smx+cosx sinx+cosx
cosx smx
=2 [ 1dx+ f,—
2 2Y sinx+cosx
1 1 p cosx—sinx
== Xx+- f —~dx

2 27 sinx+cosx
1.1 ,1 . .
=X+ | - dt (t=sinx + cosx,dt = (cosx — sinx)dx

1 1
== x+- +
S X 2logt) c

1 1 .
=X+ log( sinx + cosx)+c

:% (x + log( sinx + cosx)+cC
sinx

question [

sinx+cosx

_1 psinx—cosx+cosx+sinx
f dx

2 sinx+cosx
1 p sinx+cosx 1 [ sinx—cosx
= [ SIIECOK gyl SIXCOR gy

27 sinx+cosx 27 sinx+cosx

1 1 [ sinx—cosx
=1 [ 1da+ [ SO
sinx+cosx

fsmx cosx

smx+cosx
x+5f7dt (t=sinx + cosx,dt = (cosx — sinx)dx

—dt = (sinx — cosx)dx

1
2
1
2

11
=5 x+> (=logt)+c

=§ x+§ (—=log( sinx + cosx)+c

)



:g (x — log( sinx + cosx)+cC

CosXx

question [

sinx+cosx

J'COSX smx+smx+cosxd

sinx+cosx
J'SI.TLX'I'COSX +1 f cosx—Sinx
2

smx+cosx sinx+cosx

cosx—sinx
== [ 1dx+ [ S2ET5ME gy
2 2Y sinx+cosx
1 1 p cosx—sinx
== X+—f.—
% % imx+cosx
=X+ f - dt (t=sinx + cosx,dt = (cosx — sinx)dx

=142

—% x+% logt)+c

=X+ log( sinx + cosx)+c

:i (x + log( sinx + cosx)+cC
: 1

questlonfmdx

f S mx

COSX

_ cosx
= f—,dx
cosx—sinx
fcosx sinx+sinx+cosx dx
cosx— smx
fcosx sinx J-smx+cosx
cosx—sinx cosx—sinx
smx+cosx
L f T +-f—.
cosx—sinx
1 J-smx+cosx
2 cosx sinx
_1

+E | Tdt (t=cosx — sinx,dt = (—sinx — cosx)dx
—dt = (sinx + cosx)dx
=14t
_% x+ 21 logt)+c
= x+_7 log( cosx — sinx)+c
:% (x + log(cosx — sinx)+cC

INTEGRATION BY USING TRIGNOMETRIC IDENTITIES

question [ cos?x dx
_f 1+cos2x d

B 2
:%f 1+ cos2x dx
=2 (f(ldx + [ cos2x dx)

_1 ( X + szx) (t=2x,dt=2dx,dx=dt/2, [ cost %)

question [ sin®x dx
1-cos2x
=[—= dx

2
=§f 1— cos2x dx

=§ (J(1dx — [ cos2x dx)



= (x— T2 (t=2xdt=2dx,dx=dt/2, [ cost )
Question fsm3x dx
jsin3x dx
=[ sin?x. sinx dx
=[(1 — cos?x)sinx dx
=[ sinx dx — [ cos?x.sinx dx
=—cosx — [ cos?x.sinx dx
= —cosx — [ t%.(—=dt) (t=cosx,dt=-sinxdx)
= —cosx + f t2dt

cos3x

t3
=—cosx + + c=—cosx + —— 3 +c

Question-
f cos3x dx

=/ cos?x.cosx dx

=[(1 — sin®x)cosx dx

=[ cosx dx — [ sin’x.cosx dx

=sinx — [ sin?x.cosx dx

= sinx — [ t2.dt) (t=sinx,dt=cosx dx)
= sinx — [ t2%dt

] t3 ] sin3x
=sinx — Y + c=sinx +

+c

question] = [ cos*x dx
[ cos*x dx={(cos?x)?dx
1+cos2
:f( +c;)s x)z dx
:if(l + cos2x)? dx
:if 1+ cos?2x + 2cos2x dx
=1 (f 1dx + [ 2cos2x dx + [ cos?2x dx)
I_ (x 4 2im2x 2sin2x + [cos?2xdx)  (t=2x,dt=2dx,dx=dt/2, [ cost %)

Il—f c0522x dx
_f 1+cos4x d

a 2
:%f 1+ cosdx dx
=2 ~(J(1dx + [ cos4x dx)
|1_ (x+5)  (t=4xdt=4dx,dx=dt/4, [ cost)
| ——( X+ == zeinaz + [ cos?2x dx)
_( + ZSanx + 11)
=+ (x4
1 sm2x 41 ( x + sm4x

=—x+
4

ZSLTLZX sin4dx

— ) *C

DS




Question-[ sin®x dx
= sinSx dx
=[ sin*x. sinx dx
=[ (1 — cos?x)?.sinx dx
T=cos x,dt= -sinx dx
=[ (1 -t?2.(-1)dt
=[(1+t*—2t?).(-1)dt
=[(—1—t*+2t?)dt
SHP +25%+¢

5 3

cos5x cos3x

=—cosx ———+2——+c
5 3

Home work
[ cosSx dx

jsin“x dx
QUESTION- [ sin2x. cos3x dx

=[ sin2x.cos3x dx
SIN(A+B)+SIN(A-B)=2SINA.COSB

:gf 2 sin2x.cos3x dx
:%f sin(2x + 3x) + sin(2x — 3x)dx

=%f(sin5x — sinx)dx

:% (——Cozsx + cosx) +c
QUESTION- [ sin3x. cos4x dx

=[ sin3x. cos4x dx
SIN(A+B)+SIN(A-B)=2SINA.COSB

=§f sin3x. cos4x dx
=§f sin(3x + 4x) + sin(3x — 4x)dx

:%f(sin7x — sinx)dx
1

cos7x
:E (—T + COSX) +c

cosx
QUEST|ON-f dx
1+cosx
cosx
= dx
1+cosx
Zcoszg—l
e
2c0s%;
2cos?Z 1

—J'_____;__
- X X
2c0s?2=  2cos?=

2 2

1 X
=[1—=sec?= dx
2 2

=(1dx — [ ~sec?® dx
J J 5 sec?s

1 tan>
= x-—(=)*c
2
=x— l.Z(tan£)+C
2 2



=X —(tan§)+c
QUESTION-[

_ f cosx

1+cosx
=/

2X _ ¢
cos“o—sin
:f 2X T 2%
2cos > 2cos >
1 1 x
=[=—=tan®= dx
2 2 2

=[S dx — [~ (sec?Z — 1) dx

=[ > dx — ((J 5 (sec?D)dx — [+ dx)

2
=2 dx — (3 (sec?%) dx + [ dx)
=f 1dx—f%seczg dx

cosx
1+cosx

2%

2 dx

X
2 2z
cos >

2% q6in2X
cos 2 sin 2

1 tang
= X'E( T )+C
2
=x— %.2(tan§)+c
=x —(tan §)+C
Question-[sin2(2x + 5)dx
2X+5=t

=§f sin?t dt

1 p 1—cos2t
= dt
2 f 2

=if 1— cos2tdt
= (J(1dt — [ cos2t dt)
sinzt)+c

=L —
= 2 7
:i (2x 45— 51712(22x+5))_'_C




Some formulas by trigonometric substitution

dx a+x
faz—xz - _l 09 a-x axlC
dx
fxzd—az - ia +x +C
X 1 X
fx2+a2 = Ztan 1£+C
dx a1 X
| jam =sin7 e
f Tdi = log |x + VxZ + a2|+c
| 7= =1log |x + V2 —a?|+c
dx 1 a+x
proof [ ——2 =5 log | —|*C
dx
aZz — x2
j dx
(a—x)(a+x)
f(a+x)+(a x)
(a—x)(a+x)
1 a+x a—x
1(_ @ty  @-»
(a—x)(a+x) (a—x)(a+x)
1 1

(a—x)+ (a+x)dx
1 1 1
Z (f (a—x) dx + f (a+x) dx)

1
%(—log(a —x) +logla+x))+c
1 (a+x)
Z (lOg (a—x)) te

[ 2 =-log

aZ-x2 2a

at+x
x+a

(loga-logh= Iog%, loga + logb = log(a.b)

dx
— x2

ti

ques lonf4
dx

= f 22 _ 42

:f(Z—x)(2+x)

f 2+x)+(2—x)

¢ 8(2:;)) @-x
f(z—x)(2+x) 2Z-0C2+0

~ 2 (2—x) (2+x) dx



=15 )

= Z(—log(z —x)+1log(2+x)) +c¢

f(2+ x)

(2—x)
dx a+x
f4——x2 __l 'g a-— +C
a a—x
Here Cl = 4 a=2
dx 2+x
f4—x2 - _l 09 |
—l a+x +C
—-X
—l a+x +C
a—x
Here a2 = 6, a—\/E
dx 1 Vé+x
fé—xz T 26 0 +C
question [ lei—xaz = itan‘1 §+C
j dx
x2 4+ a?
X=atanf ,tan @ = z, 0=tan‘1§
% - 29
1g = asec
dx = asec?8 d6
asec?6 do
(atanf )% + a?
_.f asec?6 do
) a?((tan®)Z + 1)
B f asec?6 d@
N a’sec?6
1
= f = de
a
= %9 +c

1 1 X
=—tan '—+4c
a a

f—% = log |x + Vx% — a?|+c
.f X
ViZ — a2

X = asect, secO = f .tanf = vVsec?6 — 1

tanf = /—— —yxt-a?

E = asecO.tanf
dx = asecO .tanf do




asecl .tanf do

a’sec? — a?
asecl .tanf do

- Jaz(sec?8 — 1)

B _[ asecl .tanf do
Ja?(tan?6)

jasece .tan@ do
atanf

] secO .df

=log|sech + tanb| + ¢
Vy2—n2
§+ T+

x+Vx2-a?
a

=log

=log +c
=log|x + Vx% — a%| — loga + ¢
=log|x + Vx2 —a?| + ¢

dx

Vx2-3

question [

.[ dx
x2—3
Herea? = 3, a=V3
x = V3sech, secd = = tan@ = Vsec?0 — 1

V3
x2 _Vx2-3
tanf = 51575
Z—Z = /3sechH. tand

dx = V3sec .tan6 do
_ V3sech .tan6 do
V3sec?9 — 3

_f \/3sech .tanb do
B J3(sec26-1)
_ V3sech .tanb do

) [3(tan?6)

V3sech .tand do
V3tan6
= f sec .do

=log|secO + tanb| + ¢
x Vx2-3
E + T +c
x+Vx2-3 n

5 c
=log|x + VxZ — 3| — logV3 + ¢

=log|x + VxZ 3| + ¢

=log

=log




question [ =2
Vx%-3
Here a?=3 a=V3
We know [ ——= log |x + VxZ —a?|+c

x2_a2 =
f\/:f—_3=log |x + Vx2 = 3]+c
, dx
questlonfm

Here a?=4 a=2
We know [ —2— = log |x +VxZ —a?|+c

x2—qa?

f\/ﬁ__‘L:log |x + VxZ —4]+c

Question- [ sin~( cosx )dx

cosx =t sinx =+vV1 —cos?x =v1 —t?

dt

%
L = dx,

=Sinx

dt

——=dx
—\/1 - t2
_1/1_t2

_ [sinTi(t)dt

) 1=

— cin-1 du _
u=sin""(t) v T
du 1
—=——dt

I V1-¢?

udu
-1

= f —udu

—? N
=—TC
2- -142
= (sm2 t) +c

_ —(sin"*(cosx))?
B 2
Question-[ tan~1(secx + tanx)dx

) 1 sinx
= | tan™ ( + >dx
COSX COSX

f ) 1+ sinx
= | tan™ (—) dx
coSx

= —sinx

1
1-t2

sinzg + c052%+ ZSin% .cos%
= ftan‘1

ft . (sin%+cos%)2 4
= | tan x
cos?> — sin2 %

2 2

coSsx

dx



(sin% + cos %)2

= [ tan™?! dx
f (sin% + cos %) (cos% —sin %)

jt ) (cos%+sing)
= | tan
(cos% —sin %)

X
sin
cos%(l + cos%)\
= ]tan‘1 2 ldx
x|

I
sins

cos%(l - %)/
cos >

dx

(1+tan%) p
—— |dx
(1- tan%)

T X
(tany + tanz)
4 2 dx

1- tan%.tan%)

Question-
(x3 +4x*+3x—2)
f x+2
(x3+4x%2+3x—-2)
,f x+2

dx

dx

(x3+2x2+2x%2+4x—x—2)
= dx
x+ 2
2 —
_ fx (x+2)+2x(x+2)—-1(x+2) dx

x+2

=fx2+2x—1dx

x3
=3+ x*—x+c
Question-[ V1 — sin2x
V1= sin2x dx

=[ Vsin2x + cos2x — 2sinx. cosx dx

= f \/(sinx + cosx)? dx

= f sinx + cosx dx



=-coSx+sinx+c

jX4+1d

x2+1 x
—]X4_1+2d

B 2+1
_]x —1+ 2 g
T2+l 21 M

—]X4_1d +f 2 4
)+ 2+l

(x2+ D% -1) f
x2+1 dx + x2+1

1
— 2 _
—](x 1)dx+2fx2+1dx
3

=2 +2tan~1 +
= 3 X an 1 c
x3

=?—x+2tan‘1x+c

dx

. 1
Question- fmdx
1
.[ dx =
JEx—a)(x—b) Vx2 —ax — bx + ab
1

Jx2—x(a+b)+ab
1

dx

dx

dx

\/xz - 2.%x(a +b)+ab

i f\/xz — Z.x.(aT-l_b)+

(a+b) (a+b)2 (a+b)?
JxZ—Z.x. > + Z - Z + ab

-f\/ a+b (a+b)2

f\/ a+b) (a2+bz+2ab)

1

_f a+b\2  (—a?— b? — 2ab) + 4ab
\/(x_ 7) + 7

dx




1

Zf\/ _a+b)2 (—a2—b2+2ab)

dx

1

j dx
\/ a+ b\’ (a2+b2—2ab)
2

b
\/( a+ bzz (a— b)2
)

AT
t=x — &2
dt_ ’
@
dt=dx
1
| -
a — b\?

dx

We knowfﬁ = log |X +Vx2 — a2|+c
a—-b
Here x=t,a =

e+ Jee - (52
(=222 + (-2 - (52

= log

=log +C

question

dx
fJ(x— 1)(x—3)
1 1
f,/(x—l)(x—S) dx = J.\/xz—x—3x+3 dx
1
f\/x2—4x+3 dx
- [ dx
2 1
/x ~2.4x+3
1
f\/xz—z.z x1+3 dx
- f\/xz—z.alc 2+22-2243
s ™
1
f,/(x—2)2—4+3 dx
1
f,/(x—2)2—1 dx
t=x-2

dt/dx =1
dt=dx




1
dt
N
dx
We knOWf\/ﬁ = log |x + m|+c
Here x=t, a=1

= log |t +Vt? — 12|+c
= log|x—2+/(x—2)2 = 12|+c

: x+3
Questlon-fmdx
- fﬂ
T 2(x2-2x-5)

[ 2xo2eze
2(x2-2x-5)

— f 2x—2 + 8 dx

2(x2-2x-5) 2(x2 2%— 5)

2(x2-2x-5) 2(x2-2x-5)

= E‘|'f;dx

2t 2(x2-2x-5)
1 4
= 5Iog+f Py dx
4

= llog(x? - 2x —5) +/ ——1

(x?-2 5.2x-5)

= -|Og(x —2x—75) +fmdx

- —Iog(x —2x —5) fxz 2x.1j-12—12—5)dx

= -log(x? — 2x — 5) fmdx

= —Iog(x —2x — )+f —dx (t1 = x —1,dt, = dx)
= —Iog(x —2x —

= Iog(x —2x—5) +4710g t— \/—| c

= fxzd_—xaz=—log |—|+cherex tl,a =6,a =6




Integration by partial fraction method

px? + qx + r Partial fraction:
px +q A B
(ax +b)(cx + d) =ax+b+cx+d
px%+qx +r Ax+ B C
(ax?+b)(cx + d) =ax2+b+cx+d

px*+qx+r A N B N C
(ax+b)(cx+d)? ax+b cx+d (cx+d)?
k _ A 4 Bx +C + Dx+ E
(ax +b)(cx2+d)? ax+b (cx2+d) (cx? +d)?
k Ax+ B C D

(ax2+b)(cx+d)2=ax+b+cx+d+(cx+d)2

. dx
QueStlon-f m

:f dx
(x+1)(x+2)

1 __A | B _ A(x+2)+B(x+1)
(x+1)(x+2) x+1 = x+2  (x+1)(x+2)
_Ax+2A+Bx+B _(A+B)x+ (24+ B)
o (x+DE+2) (x+D(x+2)
1 _(A+B)x+(24+B)
x+Dx+2) (x+DE+2)
0.x+1=(A+B)x+(2A+B)
A+B=0 ----------- (1)
(2A+B)=1------------ (2
By solving eq -1 & 2 we get
A=1 B=-1
_t _t D
(x+1)(x+2)_x+1 xX+2
dx
(x+1D(x+2)
= f L )
) x4+1 x+2 x
= f L 4 +f SR
) x+1 x x+2 x
=loglx + 1|+ (—Dlog|x + 2| + ¢
= log|x + 1| — log|x + 2| + ¢
_ x+1 4
—9 e
Some question on Partial Fraction
xZ
f Y N
x? _Ax+B+cx+D_(Ax+B)(x2+4)+(Cx+D)(x2+1)
(x2+1)(x2+4) x24+1 x2+4 (x2 + 1)(x2 + 4)

Ax+B)(x?*+4)+ (Cx+D)(x* + 1) = x?



Ax3 + 4Ax + Bx* + 4B + Cx3 + Cx + Dx* + D = x?

x3(A+C)+x?*(B+ D)+ x(C+44A)+ (D + 4B) = x*

A+ C = 0-mm- 1

B+D =1 2
C + 44 = 0= 3
D + 4B = 0--—--- 4

By solving these equation we get
A=0 ,B=-1/3 ,C=0 ,D=4/3

x? -1 4
D@ +D 32 +1) 3G+

2

X
j rDa+H

j i dx=—stan'x 4 Stan 12 4
3(x2+1)  3(x2+4)0F T T3t xTgtan ¢
Question-
3x—2 d
(x+1)2(x+3) *
3x —2 A N B N C  Alx+3)(x+1)+B(x+3)+Clx+1)?
(x+12(x+3) x+1 (x+1? x+3 (x+1)?(x +3)

3x—2=A(x+3)(x+ 1)+ B(x+3) + C(x + 1)?---(1)
Putting x=-1 in eg-1
3.(-1)-2=0+B(-1+3)+0
-5=2B
5

B=—-=
2

Putting x=-3 in eg-1
3.(-3)-2=0+0+C(-3 + 1)?
—11 =4C

11

4
Putting x=0 in eg-1
3.(0)-2=3A+B(3)+C
—2=3A+3B+C

5 11
—2=3A+ 3(—5) + (—T)

—2=34-————
2 4



7+Z_2=3A
30+11—8_
2 =
33_3A
7=
ll_A
7=
3x — 2 11 5 11

(x+D2(x+3) 4(x+1) 2(x+1D? 4(x+3)

3x—2 p
(x+1)2(x+3) x

1 5 1
_]4(x+1)_2(x+1)2_4(x+3) x

(o1 5 1
_,[4(x+1) x_fz(x+1)2 x_j4(x+3) x

EEL O 5G+ DT 11 3+
= loglx S 7 loglx c
gy 5D
= loglx 7 loglx SR c
11 |x + 1] 5(x+1)‘1+
“ 4 %% 3 27 -1 ¢
_1, k1 s 1
29 3T 2+ " €
ti f * d
question EiDE T4 X
x? _Ax+B+Cx+D_(Ax+B)(x2+4)+(Cx+D)(x2+1)
(x2+1D(x2+4) (*x2+1) (x2+4) (x2+1)(x2+4)

(Ax+B)(x®> +4) + (Cx + D)(x*> + 1) = x?
Ax3 + 4Ax + Bx? + 4B + Cx3 + Cx + Dx? + D = x?
x3(A+C)+x(4A+ C)+x*(B+ D)+ (4B + D) = x*?
By comparing both sides we get
A+C=0---1
4A+C=0----2
(B+D)=1---3
(4B + D) = 0-----4
By solving equation 1&2 A=0,C=0
By solving equation 3&4 B= %I,ng

x2 O.x—% O.x+%
D@+ 1) @t
x?2 -1 4

2+ D(2+4) 3@2+1) 3% t4)



x? d = -1 4 J
f@2+nu2+@ x‘f3@2+n+3@2+@ X
-

_ 4
_f—g(x2+1)dx+f—3(x2+4)dx

1 1 4 1 X
=—§tan x+§.§tan §+c

1 1 2 X
=—§tan x+§tan §+C

X
f@2+n@—1f”
x Ax + B C Ax+B)(x—1)+C(x*+1)
(x2+1)(x—1)=x2+1+x—1= x2+1D(x—-1)

Ax+B)(x—-1)+C(x*+1) =x--1
By putting x=1 in eq-1
0+C(1+1)=1
2c=1

1
C=E
By putting x=0 ineg-1(4x + B)(x — 1) + C(x? + 1) = x-----1
O+B)(0-1)+C(0+1)=0
—-B+C =0
—B +- =0

2
1

B ==
2

By putting x=-1 ineq-1(4x + B)(x = 1) + C(x®> + 1) = x-----1
(-A+B)(-2)+Cc(1+1)=-1
2A—-2B+2C =-1

A—B+C= 1
2

- d
f@2+n@—1)x

1 1 1
. _"2**3. 2
x?2+1D(x—-1) x?+1 x—1
x—1 1

20Z+D) 2x-1D)
x—1 1

X
f@2+n@—1f“:f—4@2+n+2@—1f“




_ x—1 1
_f —2(x2+1)dx+fz(x_1)dx

—f 1 d+l 1
=) ZeErp@ il

—f 20— vl 1

—] @2 +5 L 1

_] ox ! dx + = l 1
- —4(X2 + 1) —2(X2 + 1) x Oglx |

_j = d+f L dria 1
=) S i @t 2pe e tlegl 1l

1 1 1
= —Zloglx2 + 1| +§tan‘1x +§log|x —1|+c

i 1 —x? p
question xA=29 X

1— x? %(x—2x2)+1—%x
j—dx:f dx
x(1—2x) x(1 —2x)

l(x—2x2) 1-1,
=f2 +——2—dx
x(1-2x) x(1-2x)

B %x(l—Zx) 2 —x .
_f x(1-20) @ 2x(1-20)""

.f dxty _I-x(l—Zx)d

_ +1f 2—x dx
- Zx x(1—2x)

2-x A B _A(1—-2x)+Bx
xA-20 x 1-2x x(1-2%)

A(1 —2x)+Bx =2 — x------- 1
By putting x=0 ineq 1

A1) =2

A=2

By putting x:% ineql



A<1 21)+Bl—2 1

2 2 2

B 3

22

B=3

1 1}2 3
=Xty et T

L +f 54
2" *T)aa-0™

_ ||+3(1)z 11— 2x| +
=S x +loglx| +2{ =) log x|+ ¢

1 3
=% + log|x| —Zlogll —2x|+c

Integration by parts

ILATE Rule

Identify the function that comes first on the following list and selectitas ‘w’
ILATE stands for:

I: Inverse trigonometric functions

L: Logarithmic functions

A: Algebraic functions.

T: Trigonometric functions, such as sin X, cos X, tan x etc.

E: Exponential functions.

If u and v are any two differentiable functions of a single variable x. Then, by the product rule of
differentiation, we have;

fu.vdxzufvdx—f(fvdx)%.dx

u=x vdx =e*dx

du

—=1 fvdxzfexdxzex+c
dx

fex.xdxzufvdx—f(fvdx)d—u.dx
dx

=x.e"—fex.1.dx

=x.e*—e*+c


https://byjus.com/maths/inverse-trigonometric-functions/

questionjxsinxdx
u=x vdx = sinxdx
du

— =1 jvdx=jsinxdx=—cosx+c
dx

] du
jx.smxdx=ujvdx—j(fvdx)a.dx

= x.(—cosx) — | (—cosx).1.dx

= —xcosx + j cosxdx
= —xcosx + sinx + ¢
question f x cosx dx

u=x vdx = cosxdx

du .
— =1 fvdx=fcosxdx=smx+c
dx

] du
jx.smxdx=ufvdx—f(jvdx)a.dx

= x.sinx — | sinx.l.dx

= xsinx + cosx +c¢

Question I = [ e*.sinx dx
u = sinx vdx = e*dx

du
— = cosx fvdx=fexdx=ex+c
dx

du
I = fex.sinxdx=ufvdx—f(fvdx)a.dx

I = sinx.e* — f e* cosx dx
I =sinx.e* — I
I, = fe" cosx dx

u; = cosx vydx = e*dx

du, )
— = —sinx fvldxzfexdxzex+c
dx
du,y
I, = fex.cosx dx = ulfvldx—f(f vldx)a.dx
I, = cosx.e* — | e*.(—sinx)dx

I, = cosx.e* + f e*. (sinx)dx

I, = cosx.e* + f e*.(sinx)dx = cosx.e* + 1

I = sinx.e* — (cosx.e* +1)
I = sinx.e* — cosx.e* —1
I+ 1 =sinx.e* — cosx.e*+c¢



2] = sinx.e* — cosx.e* +c¢

I = %(sinx. e* — cosx.e®) +c
Question I = [ e*.cosx dx
jex.cosx dx

u = cosx vdx =e*dx

du

— = —sinx jvdx=jexdx=ex+c
dx

d
I=jex.cosxdx=ufvdx—f(fvdx)d—l;.dx

I = cosx.e* + j e*sinx dx
I =cosx.e* +1;
I, = jex sinx dx

u, = sinx v,;dx = e*dx

du,
—=cosva1dx=fexdx=ex+c
dx
. du,y
I, = fex.smx dx =ulfv1dx—j(J vldx)ﬁ.dx
I, = sinx.e* — | e*.cosxdx

I, = sinx.e* — f e*.(cosx)dx

I, = sinx.e* — f e*.(cosx)dx = sinx.e* — 1

[ =cosx.e* +1;

I = cosx.e* + sinx.e* — 1

I +1 =cosx.e*+ sinx.e*+c
21 = cosx.e* + sinx.e* + ¢

1
I = E(cosx. e* +sinx.e*) +c¢
Question I = [ e*.(cosx + sinx)dx
I = fex.cosx+fexsinxdx

1 1
I = E(sinx. e* — cosx.e*) + E(sinx.e" + cosx.e*) +c
I = 1sinx. e* — 1cosx. e + lsinx.ex + —cosx.e*+c¢
2 2 2 2
1 1
I = Esmx. e + Esmx. e*+c

I = sinx.e* +cC



RULE-[ e*. (f(x) + f'(x))dx=e*f(x) + ¢

Question I = [ e*.(cosx + sinx)dx
]ex. (f) + f'(x))dx = e*f(x) +c

j e*.(cosx — sinx)dx = f e*.(cosx + (—sinx))dx

Here we can see if f(x)= cosx

F’(x)=-sinx so it is in the form [ e*. (f (x) + f (x))dx
So answer is e*f(x) + ¢ = e*cosx + ¢

Question- [ e*. (% + logx)dx

Here we can see if f(x)= logx

F(x)= iso it is in the form [ e*. (f (x) + f'(x))dx

So answer is e*f(x) + ¢ = e*logx + ¢
SOME FORMULAS

[V @ dx = Lx/a? T a? + % loglx + VAT T a?| + ¢
1 2
j\/xz —a%dx =Ex\/x2 — a? —%log|x+\/x2 —a2| +c

2

1 a X
j\/az —x2dx = Ex\/az — x2 —731'11‘15 +c
Question-vx2 + 2x + 5 dx

x2+2x+5dx

:\/xz +2.%2x+ 5dx

=Jx2+21.x+1—-1+5dx

=x2+21.x+ 12+ 4dx

= /(x+1)?2+4dx

=VtZ + 4 dt

[VtZ+22dx = %t\/m + glog|t FVEZ 4|+ € o (TR TTE Cragle s @ o)

=~ + DY+ 12 +4+2log|x+ D)+ /G + D2+ 4| +¢




Definite Integral

The definite integral of a real-valued function f(x) with respect to a real variable x on an interval [a, b] is expressed
as

b
[ Foaax = £y - F@

Here,

a = Lower limit

b = Upper limit

f(x) = Integrand

dx = Integrating agent

Thus, J.» f(x) dx is read as the definite integral of f(x) with respect to dx from a to b.

ff(x)dx =F(x)+c
b
[ reoax = ko) - r@

a

e.g-

fz N i S G VB S
IR ) I R A

question-[# sin’2t. cos2t dt

f sin32t.cos2t.dt

u = sin2t
P = cos2t. 2
u
> = cos2t.dt
f ; du ut B sin*2t N
us. =3 c= 3 c
f% 32t cos2t di — sin*2t 7 B sin“% sin*0 1 0 1
_Osm .COS = 3 0— 3 3 —3 =3

Alternate way [* sin32t.cos2t dt



T
4
f sin32t.cos2t.dt
0

u = sin2t if t=0then u:SinOZO,t=% thenu = sin 2.% = sing =1

— = 2t.2
Tt cos2t
du
7=0052t.dt
1
[l
0 2
w1 1
=laz2| 8773
o
Eg-

[
0o X2 +1 *
t=x%2+1 ifx=0Othent=1,x=1thent=1+1=2

d _
dx x
dt _
5 = x.dx

fl X _le dt

c 1T L2

1 , 1 1 2 1
= E[log|t|]1 = E(logZ —logl) = Elogi = ElogZ

SOME PROPERTIES OF DEFINITE INTEGRAL

fabf(x)dx = f:f(t)dt

| Foodx = - [ ooy

fbf(X)dx = fcf(x)dx + fbf(x)dx a<c<b
b e c

f f)dx = f fla+b—x)dx

foaf(x)dx = j;af(a — x)dx

| Y feodx =2 [ reodx.if rea—» = r

. =0 if f2a—1x) = ~f(x)
f f(x)dx = zf fQdx , if f(=x) = f(x)

- "0 if f(=) = ~f (@)



T
Ex- [*: sin®xdx
4

=2 [;sin*xdx  (since it is an even function f_aaf(x)dx =2 foaf(x)dx , if f(=x) = f(x))
%1 — cos2x
L [,
0 2
™
4
=j 1 — cos2xdx
0

T

_ sin2x|a
=lx —

2 1o

. AT
E_stZ

4 2

T
4

—-0+0

. T
T Slni T

1
T4 2 4 2
Ex-J*sin®3x dx
=0, (sinceitisanodd function [* f(x)dx =2 [ fG)dx , if f(—x) = —f(x))

T xsinx
Ex-I = fO 1+cos2x

T (m—x)sin(mw—x) . a _ra B
0 1+cos?(m-x) dx applying fo f)dx = fo f(a—x)dx

T(r — x)sinx
- [,
0

1+ cos?x

| f T msinx p j’ T xsinx p
=] ————dx— | ——dx
o 1+ cos?x o 1+ cos?x

T msinx
sz ———-dx—1
o 1+ cos*x

T msinx T sinx
200=| —/———-dx=n| —/———-dx
o 1+ cos“x o 1+ cosx

21 j‘” sinx
=n| ————dx
o 1+ cos?x

Putting t= cosx, for x=0 t=cos 0 =1
dt .
- = —sinx Forx=m,t = cosmt = —1

—dt = sinxdx

ﬂj- —dt
. 1 + t2
T 1
Efl 1+ t2
g[tan‘lt]
I = —g[t 1(-1) — tan"' ()]
I = —%[ta (tan(— %) —tan l(ta"_)]
j=_=I [_E _ E]



21772

> sm4x

Ex-

0 sin*x+cos*x

f;[ SlTL X eq-l

0 stn4x+cos x

sm“(— — ) a a
j dx applyingf f(x)dx = f f(a—x)dx
sm“( 0 0

—x)+ cos4(— —x)

fz cos4(x)

0 cos*(x)+sin*(x)

eq-2

By adding eg-1 & 2 we get
Y

2 sin*x 2 cos*(x)
I = - dx + - x
o Sin*x + cos*x o €0s*(x) + sin*(x)
Vi
B fi sin*x + cos*(x)
~ Jy cos*(x) + sin*(x)

T

2
I=f0idx
1=[x]§=[g—o]=—

Ex-J; |x| dx
4
= | |x|dx
0
f‘* J 2" 16 .
= xax = |— = — — =
. 2| "2
4
Ex-f, |x| dx
4
= |x| dx

0

= f_:z|x|dx+f04|:c|dx

[ _xd”fzfdx
[ [,

Bl ( 2) (2 )



=2+8=10

Ex-J |x — 1] dx

4
j |x — 1| dx
0

1 4
=j |x—1|dx+j |x — 1|dx
0 1

1 4
=] —(x—l)dx+fx—1dx
0 1
__|¥ 1+x2 4
= > X > X
0 1
_ (1 1 O>+ 16 4 (1 1)
RV 2 2
1+1+8 4 1+1
% 2

1
= - —— =—-1 =
> 2+6 +6=5

Ex- f: [x] dx

=.[04[x] dx
=j1[x] dx+fz[x] dx+f3[x] dx+f4[x] dx
0

1 2 3

1 2 3 4
=.[de+f 1dx+f2dx+f3dx
0 1 2 3

= 0+[x]7+2[x]3 + 3[x]3
=2-1+2(3-2)+34-3)
=14+2+3=6

Ex-J" [x — 1] dx

1

:f_o[x—l]dx+f [x — 1] dx

0
:f_ol —2dx + fol —1dx
= —2[x]2; — 1[x]o
= —2(0+1) —1(1—0)
= —2-1=-3

2

1 V2 V3
=f [x2] dx+f [x?] dx+f [x?] dx+f [x*] dx
0 1 V2 V3

1 V2 V3 2
:Ide+f 1dx+f 2dx+f3dx
0 1 V2 V3

=0+ [x]y% + 2[x]%3 + 3[x)%,



=vV2-1+2(3-v2)|+32-,/3)
=vV2+2V3-2v2-3,/3)+6-1
=—V3-v2+5

=5-v3-+2

AREA BOUNDED BY A CURVE AND A LINE

Ex-Find area of the region bounded by the curve
y? = x and the lines x = 1 and x = 4.and the x — axis in the first quadrant.

Ans- ffy dx
Here y? = x
y=vx

4 3 3
[iVide=Exr)t=2(e-1)=2@-n=1

Ex- Find area of the region bounded by the curve x? = 4y and the linesy =2 and y =
4 and the y — axis in the first quadrant.

Ans- f;x dy
Here x? = 4y
x=2y

4 2 3 4/ 3 3 4
| 2y ay =25y711 = 5 (42 -22) =5 (8- V8)
5 3 3 3

Area bounded by a circle

Ex- Find area bounded by a circle x? + y? = a?.

(0,a)
Ans-

f x dy (a,0)
0

a
4[ Ja?z —x?dx
0




Ex- Find area bounded by a circle x? + y* = 4.

Ans-

x? x1?
4|5xy2%2 —x2 — —=sin"t =
2 2 2 o
1 22 2 2 0
2oz oz _ 2 12 _ 42 2 _02_ 2 12
4(22 2 2 Zsm 2) 4(20 2 0 sin 2>
2



Diffrential Equation

The order of a differential equation is the order of the highest order derivative involved in the differential
equation. The degree of a differential equation is the exponent of the highest order derivative involved in the
differential equation

Order and Degree of a Diffrential Equation

% =1 order=1 degree=1

d*y _ _

2 3x=0 order= 2 degree=1

(%)2 =1 order=1 degree=2

Y @2 _3y+2=0 order=2 degree=1

dx? dx y

dx3 ( )?-3x=0 order=3 degree=1
dzy 2

(G2 —3=0 order= 2 degree=2

(%) (dxz)3 order=2 degree=3

(dxz)z P -3y+2=0 order=2  degree=2
N

(%) + (%)2 —3x=0 order= 3 degree=3
3 .2

(%) + (%)4 —4=0 order=3 degree=2

(dxz)z + (dy)3 + (dy)4 3y+2=0 order=2 degree=2

Differential Equation solving by variable separable method

The differential equations which are expressed in terms of (x,y) such that, the x-terms and y-terms can be separated
to different sides of the equation (including delta terms). Thus each variable separated can be integrated easily to
form the solution of differential equation.

e ™ — 1
eg sovedx—
dy
dx



Integrate both side
fl.dy =fdx
y=x+c

dy .
Ex — solve — + sinx = 3
dx

d—+sinx=3

dy = (3 — sinx)dx
Integrating both side

jl.dy = j(S—sinx)dx
y =3x+cosx+c

dy .
Ex — solve — + sinx =0

dx
% +sinx =0
dy
T sinx

dy = (—sinx)dx
Integrating both side

jl.dy = f(—sinx)dx

Yy =cosx +c

E ve Yygy=o0
X SovedXX y—

d +y=0
dxX y=
dy _
dxX_ y
dy  dx
y X

Integrating both side

2 e

logy = —logx + ¢

logy + logx = ¢

logxy =c

xy =e‘

Ex- ify=e*+1 verify y'—=y'=0
Y

y = dx e

d?y

Y ==

X



y"'—y' =e*—e* = 0(proved)

Ex-form differential Equation of the given Equation y = e*(acosx + bsinx)

d
y' = % = e*(acosx + bsinx) + e*(—asinx + bcosx)
y' = Z—z =y + e*(—asinx + bcosx)
no__ dzy — dy X ] b X b 1
= 22" dr + e*(—asinx + bcosx) + e*(—acosx — bsinx)
"= dz_y = dy + e*(—asinx + bcosx) — e*(acosx + bsinx)
Y d%c2 dx
w28V W s
y" = T2 = dx + e*(—asinx + bcosx) — y
m_ Y _ Wiy —y— (y' —y = e*(—asinx + bcosx))
dx? dx y y—y y
T SR
y = dx,2 =yTy y
y' =2y =2y
d’y _ _dy
—Z=2-2-2
dx? dx Y ) ) . .
Ex- Find the general solution of the differential Equation
dy _ x+1,
dx  2-y
dy x+1
dx 2-—y

(2—-y)dy = (x+ 1)dx
Integrating both side

.[(2 —y)dy = f(x+ 1)dx

yZ XZ

Zy - 7 = 7 +x+c
Ex- Find the general solution of the differential Equation
dy _ 1ty%,
dx  1+x2’
dy 1+y?
dx 1+ x2

dy dx

1+ y? 1+ x2
Integrating both side

.]' dy _f dx
1+y2 ) 1+ x2

tan~ly = tan"lx + ¢
Ex- Find the general solution of the differential Equation
dy _ 1+y?

dx  1+x2 at (0’0)
dy 1+y?
dx 1+ x2

dy dx

1+ y? 1+ x2
Integrating both side



f dy _f dx
1+y2 ) 1+x2

tan"ly = tan"'x + ¢

At (0,0)

tan 10 = tan™10 + ¢

0=0+c

C=0

tan™ly = tan"1x

Ex- Find the general solution of the differential Equation

& _ 429
?ix— 4 —y=t
Y _ a2
dx 4=y
&y =dx

=
Integrating both side

d
f\/‘L_Lyzzfdx
X
1E=x+c

sin~

d

Ex — & sin 1x
dx

dy

— =sin"1x

dx
.[dy =fl.sin‘1xdx

u=sin"lx  [vdx=[1dx
du__1 fvdx =x+c,

dx 1-x2

du
fl.sin‘lxdx=u.fvdx—f—fvdx
dx

1
=xsin‘1x—f x dx
V1 —x?
i (Lt
= xsin"lx —_——
N
1
_ - 1¢t2
= Xxsin x+§T+C

2
= xsin x+V1 —x2+c¢

fdy =f1.sin‘1xdx

[dy = xsin~tx+V1 — x2
y = xsin lx+V1 — x2 + c(solved)

d
Ex=(x3+x2+x+1)d—z=2x2+x;y=1Whenx=0




d
(x3+x2+x+1)d—1=2x2+x
2x% +x

dy:(x3+x2+x+1)dx

]d _j 2x% +x 4
YTl 2+ ™

3 2x% + x 4
Y= ) st rx+ DY
_j x(2x+1) p
y= 2x+1D)+1(x+1) x
B x(2x+1) p
Y=l e+ + )
1 3x—2
y = dx

B x+1+2(x2+1)
y=loglx+ 1|+

2

1 3x
E,f (x2+1) (x2

+1)dx

13
y = log|x + 1| +E(§log|x2 + 1| — 2tan x| + ¢

3
y =log|x + 1] +Zloglx2 + 1| —tan'x + ¢

3
1=1og|0 + 1] +Zl0g|02 +1|—tan™ 0+ ¢

1=0+0-0+c¢
C=1

3
y = log|x + 1] +Zloglx2 +1|—tan"'x + 1

LINEAR DIFFRENTIAL EQUATION

It is of the following form
dy

——+ Py = Q,wher P,Q are function of x

dx

Then solution is ye/ P4 = [ e/ P& Qdx + ¢

dy

dx
— + Px = Q,wher P,Q are function of y

Then solution is xe/ P = [ e/P%Qdy +c

d .
Ex= 2y y = sinx
- - - dx
It is in linear form

Here P=1, Q = sinx

fpdxzfldxzx,



efpdx = eX

yefpdx :fefpdedx

ye* = jexsinxdx =]
yer =

I = | e*sinxdx

—

u = sinx jvdx=jexdx=ex+k

du
— = cosx

dx
du = cosx dx

du
I=ujvdx— jjvdx.—dx
dx

I = sinx.e* — f e*cosx dx = sinx.e* — I,
I, = jexcosx dx

U; = COSX fvldx = fexdx =e*+k
du,

— = —Sinx
dx

I, = fd ff ax. 24 g
L =uy | vidx vydx.— = dx

I = cosx.e* + f e*sinxdx = e*.cosx + 1

[ = sinx.e* — I, = sinx.e* — (e*.cosx + )
I = sinx.e* —e*.cosx — 1

2] = sinx.e* — e*.cosx = e*(sinx — cosx)
X

I = > (sinx — cosx)
ye* = [+C
ex
yeX = 7(sinx —cosx)+c¢
Ex- Find general solution of the differential Equation
x% + 2y = x?

A — 52
Sol xdx+2y—x

2
fpdxzf;dszlogx

elpdx — g2logx — plogx® — 42

yelrax = f el P Qdx + ¢

x4
yxzzfxzxdxzfx3dx=1+c



x4

2
yx —4+c
dy+2 t = si = 0wh _r
ex dx ytanx = sinx,y = wenx—3

% + 2ytanx = sinx

here P = 2tanx, Q = sinx

2
el Pdx — pf2tanx dx — p2loglsecx| — plog (secx)? — ¢o 2y

yelpdx = j el P Qdx + ¢

ysec?x = f sec?x sinx dx + ¢

, [ sinx P _ d
ysecex = > X+ c= | tanx.secx dx + ¢
cos*x
ysecix = — f% + ¢ (t=cosx)
1
ysec?x = m +c
1
ysec?x = +c
cosx

ysec?x = secx +c

/[
y=0whenx=§

Oseczz—secE +c
3 773

0=2+c

C=-2

ysec?x = secx — 2

Ex- what will be the integrating factor of the differential Equation
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