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MATHEMATICS -1 FOR DIPLOMA 15T SEM STUDENTS OF GP NABARANGPUR

MATRIX

A matrix is a rectangular array of numbers (or other mathematical objects) arranged in rows and
columns for which operations such as addition and multiplication are defined.
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Uses of matrix in real life:-

This is a football match. Here A passes the ball to B, B passes the ball to A, B passes the ball to C and
C passes the ball to D. This can inform to the computer using matrix as follows

A|B|C|D 01 0 O
A|lO0O|1]0]O0 1 01 0
B|l1 /01l 110 I:> 00 0 1
c|,0j]0]0|12 0 0 0 O
D|O0O|[O0O|0]|O

Order of a matrix:-

The number of rows and columns that a matrix has is called its order. By convention, rows are
listed first; and columns, second. Thus, we would say that the order (or dimension) of the matrix below
is 3 X 4, meaning that it has 3 rows and 4 columns.

1 2 2 5
[8 9 1 10]
7 5 9 15

The matrix with m rows and n column is m x n (m-by-n)

Types of matrix:-
Square matrix:-

If a matrix have same number of rows and columns.

1 1 2
;ﬂ [213
2 0 4

Null matrix/zero matrix:-

If all the elements of a matrix are zero then the matrix is called a zero/ null matrix.
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https://en.wikipedia.org/wiki/Number
https://en.wikipedia.org/wiki/Matrix_(mathematics)#Basic_operations
https://en.wikipedia.org/wiki/Matrix_(mathematics)#Matrix_multiplication
https://stattrek.com/statistics/dictionary.aspx?definition=Matrix

Row matrix & Column Matrix:-

If a matrix has only one row (or column) is called a row matrix (or column matrix)

1
[1 1 2] [1]
0

Diagonal Matrix:-

If all the non-diagonal entries of a square matrix are zero and at least one diagonal entry is non-zero then
the matrix is called a Diagonal matrix.

0 0 O 0 0 O
0 50 0 1 0
0 0 6 0 0 O

Properties of determinant:-

1) If any two rows or columns of a matrix A are equal then the determinant of A is zero.
2 2 0
Ex:- {1 1 1] (calculate the determinant) =0
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(Calculate the determinant)=0

(Calculate the determinant)=0
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i) If we exchange any two rows or columns then the absolute value of the determinant does not
change. But the sign of the determinant is changed.

8 0 2
1 1 1
2 1 1

Ex:- (Calculate the determinant)= I

Exchanging 1% row and 2" row

1 1 1
IAI=|5 1 2] (Calculate the determinant)= +I
2 1 1

iii) if k is multiplied to each element of any row or column of a matrix A then the determinant of
the matrix so formed is k.det(A)

2 2 2
Ex-IBI=|5 1 2|(Calculate the determinant)=+2
2 1 1
2 2 2 1 1 1
5 1 2|=2(1.1-1.2)-2(5.1-2.2)+2(5.1-2.1)=-2-2+6=2=2.1=2.|5 1 2
2 1 1 2 1 1




IBI=2.1Al

2 2
5 1 2
2 1 1

N

1+1 1+1 1+1
5 1 2
2 1 1

1 11
5 1 2
2 1 1

1 11
51 2
2 1 1

Ex- = =

+

5 2 3
5 1 2
2 1 1

2+3 1+1 2+1
5 1 2
2 1 1

=+

a c e
g h i
j k1

a+b c+d e+f
g h i |=
Ji k l

b d f
+lg h i
j k1

PROBEM

3 6 9
11 1
4 8 12

)

(without expanding determinant and use the properties of determinant)

3.1 3.2 3.3
1 1 1
4.1 4.2 4.3

12 3 9
1 1 1
8 8 4

(using 3rd property)

1 2 3
1 1 1
1 2 3

=34

4 1 3
111
2 2 1

=3.4 =12

PROPERTY 4

If to each element of any row or column of a determinant the equimultiples of corresponding

elements of other row(or column) are added , then the value of the determinant remains the same,
operation is R1 by R1 + kR2 or C1 by C1+kC2

y+z z y
2\OPROBLEM | z z+x  x |=4xyz (without expanding evaluate the determinant)
y xX x+y

y+2)+z+y z+(zZz+x)+x y+x+(x+y)

= z Z+x x (R1BY R1+R2+R3)
y x x+y

20+2z) 2(z+x) 2 x+y)

=l z zZ+x x
y X x+y




y+2z) (z+x) (x+y)
2| z Z+x X
y X x+y
+2)-(Z+X)+X+Y) (z+x) (x+y)
2 z—-(Z+X)+X) Z+x x |{C1-C1-(C2+C3)}
y—X+X+Y)) X xX+y
y+z2)-Z-X-X-Y) (z+x) (x+y)
2 z—(Z-X)—-X Z+x X
y—X—-X-Y) x x+y
—X-X (z+x) (x+y)
21(X)—-X z+«x x
-X-X) x x+y

-2X (z+x) (x+y)
=2|-2X z+x X
—-2X X x+y
1 (z+x) (x+y)
=2X-2x|11 z+x X
1 X x+y
1 (z+x) (x+y)
=4x|0 0 —y [(R2 by R2-R1 ,R3 by R3-R1)
0 —-Z 0

_ 0 -y
—4x x 1 |_Z ; |
=-4 x x (0- (zy))
=4 xyz

bc a a?| |1 a* a®
2) Prove without expanding (ca b b%|=|1 b? b3
ab ¢ c? 1 ¢ ¢
bc a a? bcxa axa a?x*a
ca b b*=_*3*-|caxb bxb b*xb|(
ab ¢ c? abxc c*c c%xc
R1—aR1;R2—bR2;R3—cR3
abc a* a3 . 1 a®2 a3 1 a2 a3l |1 a* ad
=——labc b* b3 =—-abcl1 b* b=l (1 b* B3|=[1 b* b?
abc ¢ ¢ 1 ¢ ¢ 1 ¢2 Bl ¢ ¢

Transpose of a matrix:-

If A is a matrix then the transpose of A which is denoted by AT is formed by exchanging elements of
rows by elements of columns.
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a b c a x p
A=|x y z[thenA=[b y ¢
p q 7 c z r

Det(A)=det(A")
Minor and Co-factor , ADJ A, INVERSE OF A :-

Suppose A be a matrix and its determinant be det(A). Then the minor of an element is the determinant of
the matrix so formed after deleting the corresponding row and column to which the element lie.

Cij=(-1)" Mij
_|11 -2 _ _ 2 2 — _ _
EX-A—| s 3 | Mii= 3 Cu= (-1)%3=3 |A|= 3-(-8) = 11
_ — 3y — |3 2
Mi,=4 Ci= (1)x4= -4 ADIAA| 1|
Mz = -2 Car= (-1)% x-2= 2
M22=1 Co=(-1)*x1=1
3 2
Atzddia | ?| :’ 3/11  2/11
4] 1 |—4/11 1/11
2 -3 5
=l6 0 4| |Al=2(-20)-(-3)(-46)+5(30) = -40-138+150= -178+150= -28
1 5 -7
Mas= |(5’ _47|: 0-20= -20 Cui=(-1)2 X -20 =-20
M= -42-4=-46 C1o=( -1)% x -46 = 46
M= 30-0=30 C1s=(-1)* x 30 = 30
Ma1= 21-25 = -4 Cu=(-1°%x-4=4
M= -14- 5 = -19 Cao=(-1)* x -19= -19
Mazs= 10 —(-3) = 13 Cos=(-1)° x 13=-13
M= -12-0= - 12 Car=(-1)* x -12 = -12
Mz=8-30 = - 22 Cao=(-1)° x -22 = 22
M3s=0-(-18) =18 Css=(-1)°x18=18

AdjA=|C12 (€22 (32 -19 22

c11 C21 (C31] [-20 4 12
=| 46
C13 (23 (33 30 —-13 18

. [ 46 -19 22
Al=A44 _l30 -13 18
Al -28

—-20 4 —12}




MATRIX ADDITION SUBSTRACTION MULTIPLICATION

3 avas]

a=y ale=l;

1+1 2+1)_
3+2 4+1

2 3
5 5

a=ly dle=ly das=[37; 2000
A:B i]B:B 1LAB:[g§i+iﬁ§; éﬁiiiii :L1 A

ADDITION, SUBSTRACTION= ORDER SAME

MULTIPLICATION A=mxn B=nxp AB=M XN

1 2 1 1 2 3 2
A=[1 1|B=[1 0 C=1 1 O] A=3X2 B=3X2 C=2X3
4 2 5 4
1 2] 1 1 2 3
A+tB=(1 1|(+]|1 0|=|2 1
4 2 5 4 9 6
1 2] 1 1] 0 1
A-B=(1 1|—-|[1 of=]0 1
4 21 5 41 1-1 -2
1 2 2 3 2. 1X2+2X1 1X3+2X1 1X2+2X0
A.C= 1 1 1 1 0 1X2+1X1 1X3+1X1 1X2+ 1X0
CM4X2+2X1 4X3+2X1 4X2+2X0

HEE

2 3 2][ 2X1+3X1+2X4 2X 2+ 3X1 + 2X2 :[13 11]
1X1+1X1+OX4 1X2 +1X1 + 0X2 2 3
2 ks el

Solution of system of linear equation by Cramer’s method:-

Linear equation:- A linear equation is an equation consisting of only the variable with power one/ degree
one.

System of linear equation:- Combination of two or more linear equations is known as system of linear
equation.



Suppose 2x-y+3z=3 ; x+2y+9z=2; x-5y+3z=6 is the system of linear equation with variables x,y &
z each variable has degree 1.

Solve by Cramers rule

2X-y+3z=3
X+2y+9z=2
X-5y+3z=6
Ans- AX=B

{2 20K

|A|= 2(6+45)+1(3-9)+3(-5-2)=102-6-21=75

3 -1 3
AX:(Z 2 9)
6 -5 3

|Ax|= 3(6+45)+1(6-54)+3(-10-12)=153-48-66=39

2 3 3
Ay:(129)
16 3

|Ay|=2(6-54)-3(3-9)+3(6-2) = -96+18+12=-66

2 -1 3
Az:(l 2 2)
1 -5 6

|A|=2(12+10)+1(6-2)+3(-5-2)=44+4-21=48-21=27

x=12xl =39/75
4]
y= %z-eens
z=222=57/75
|A]
problem2- 2x+y=1  solve by creamer’s rule
3X-y=4
AX=B
3 SIG)= L
|Al= -2-3= -5

A=, 1] =1-a=s



wef Jeoass

x=2 = 5.5=1
al

—@: 5=-
Y=Ta 5/-5=-1

Finding Inverse of a Matrix Using Matrix Inversion Method

A is matrix. We find the inverse of A (A™) as follows
A*(AY =1

Procedure for finding inverse of a matrix:-

-1 -84j(4)
4]
Adj(A):-
1. Find the minor of each element
2. Find the cofactor of each element
3. Form the cofactor matrix Co(A)
4. Form the adj(A)=[co(A)]"
1 1 2‘
A=|5 2 7| order of A=3x3
0 1 3
|A] =-3
Minor of 1= -1 co-factor of 1= -1
Minor of 1= 15 co-factor of 1= -15
Minor of 2= 5 co-factor of 2= 5
Minor of 5= 1 co-factor of 5= -1
Minor of 2= 3 co-factor of 2= 3
Minorof 7= 1 co-factor of 7= -1
Minor of 0= 3 co-factor of 0 = 3
Minor of 1= -3 co-factor of 1= 3
Minor of 3= -3 co-factor of 3= -3
Co-factor matrix:-
-1 —-15 5 -1 -1 3
Co(A)=|1-1 3 -—-1| Adj(A)=|-15 3 3 ]
3 3 -3 5 -1 -3

1 _adj(d) _ 1 -1 -1 3
A =—a - -15 3 3
5 -1 -3



pr—ii 2x+y=1 by matrix inversion method

3X-y=4
AX=B
X= A'B

5 Zilll=La)

A= [g | 1] A= -2-3=-5

Mi11=-1 Cu=-1
Mp= 3 Cpp=-3
M21=1 Cau=-1
Moo=2 Cxn=2
AdiA=[TL ]

1 1 -1
Al=AdjA/JA| = [_3 ,

X= AlB

bl =x=[57e sl ] =

X=1ly=-

]

U'l|OOU'l|-l>

1/5
3/5

5

5

1/5
~2/5

S



sin(90-0)=cos0
c0s(90-0)=sin0
tan(90-0)=cotd
cot(90-0)=tand
sec(90-0)=cosecH

cosec(90-0)=secH

TRIGNNOMETRY

ASTC RULE

2" quadrant (90°-180°)
Sin, cosec +ve
Tan, sec, cos, cot -ve

1%t quadrant (0°-90°)
Sin, cos, tan, sec, cosec, cot
All +ve

3" quadrant (180°-270°)
Tan, cot +ve
Sin, sec, cos, cosec -ve

4™ quadrant (270°-360°)
Cos, sec +ve
Sin, cosec, cot, tan -ve

0 (0<0<90) 90-0 (1% grd.) 90+6 (2" grd.) 180-0 (2" grd.) 18040 (3" grd.)
Sin cos0 cos0 sin0 -sin0
Cos sinf -sinf -Cos0 -Cos0
Tan cotd -cot0 -Tan6 Tan0
Cot tan6 -tan® -Cot6 Cot0
sec cosecH -cosect -SecO -SecO
cosec sech secH cosecH -cosecH

2275=90 X 25+25 2"\°P QUADRENT

2275=360 X 6+ 115

Sin 3754° =sin (90 X 41 +64) = cos 64 2N° QUADRENT

3754= 360 X 10 +154

3333=360 X 9 +93

3333=90 X 37+3

Sin 3754°= Sin 154°= Sin(90+64)=cos64=+ve




Trigonometric Ratios:- A

0= 2. _b. _P. _b
Sinf= o Cos6 o Tan6 o Cot0 .

SecOZE; CosecOZE
b p

Pythagoras theorem
p% + b%? = h? ; p- Perpendicular, b- Base, h- Hypotenuse

2 2 2 2 2
. 2 20 —rPN\2 bz_p b“_p“+b“_h“_
sin“0 + cos“0 =(=)“+(=)“==+—= ===
+ (h) (h) hz hz hz hz

sec?0 — tan?0 =1
cosec?8 — cot?6 =1
Sec 6 = 1/cosH
Cotb=1/tanf

Cosec6=1/sin0

® (0<0<90) 90-0 (1% grd.) 90+6 (2" grd.) 180-0 (2" grd.) 18046 (3" grd.)
Sin cos0 cos0 sinf -sinf
Cos sinf -sinf -Cos6 -Cos6
Tan cotd -cotO -Tan0 Tan6®
Cot tand -tan0 -Cotd Cot0
sec cosecH -cosect -SecO -SecO
cosec secO secH cosecH -cosecH

F(-x)= -f(x) odd function

F(-x)= f(x) even function

Cos, sec even function

Sin, tan, cosec, cot odd function

Sin(-3333°)= - sin3333°= - sin(90° x37 + 3°) = - cos 3°

Sin (3423)=sin(90°x 38+3) = - sin 3°

Cot (3425%= cot(90° x38 + 5 ) = +cot 5°

Cosec (6255°) = cosec(90 x 69 + 45) =+ sec 45= /2

Sec(-7634°) = sec 7634° = sec(90 x 84 +74)= + sec 74




1. Find the value of cos1°.cos2°........ cos100°.

Solution:-
cosl®.cos2°........ cos100°
=co0s1°.cos2°........ c0s90°.....cos100°

=0 [as c0s90°=0]
find the value of tanl°.tan2°...... tan89°
tanl°.tan2°...... tan89°
=tan1°.tan2°...... tan44°.tan45°.tan46°....... tan88°.tan&9°
=tanl°.tan2°...... tan44°.1. tan(90°-44°)....... tan(90°-2°).tan(90°-1°)
= tanl®.tan2°...... tan44°.1.cotd44°........ cot2°.cotl®
= (tanl°.cotl®).(tan2°.cot2°)........ (tan44°.cot44°).1
=1.1.1.......... 1
=1
2. find the value of cos 24°+cos 5°+cos 175°+cos 204°+cos 300°
solution: cos 24°+cos 5°+cos 175°+cos 204°+cos 300

= €0S 24°+cos 5°+cos (180°-5°)+cos (180°+24°)+cos(90 x3°+ 30°)
= €0S 24°+c0s 5°-c0s 5°-cos 24°+sin30°
= sin30° =1/2
Sol = cos 24°+cos 5°+cos (180°-5°)+cos (180°+24°)+c0os(360°-60°)
= C0S 24°+cos 5°-c0s5°-c0s 24°+cos 60°
=0+0+1/2
=1/2
find the value of tanl°.tan2°....... tan100°
Sol:-
tanl°.tan2°....... tan100°
=tanl°.tan2°...... tan90°.....tan100°

=00



cosx Sinx

find the value of | .
sinx cosx

coSx Sinx

; | = cos? x — sin?x = cos2x =
sinx cosx

maximum value 1, minimum value — 1
Some standard formula:-

Sin(A+B)=sinA.cosB+cosA.sinB

Sin(A-B)= sinA.cosB-cosA.sinB

Cos(A+B)= cosA.cosB-sinA.sinB

Cos(A-B)= cosA.cosB+sinA.sinB

Sin2A=sin(A+A)= sinA.cosA+CosA.sinA= 2sinA.cosA
Cos2A=cos(A+A)= cosA.cosA-sinA.sinA= cos?A — sin?A
Sin3A=3sinA-4sin3A

No ok~ wbdPE

Sin3A= sin(A+2A)= sinA.cos2A+CcosA.sin2A
sinA.( cos?A — sin?A)+cosA.2sinA.CosA
=sinA(1-sin?A — sin?A)+2sinA. cos?A
=sinA-2sin3A +2sinA(1-sin%A)
=sinA-2sin3A+2sinA-2sin3A
=3sinA-4sin3A
8. Co0s3A=cos(A+2A) = 4cos3A — 3cosA
Problem- Sin18°
®=18°

=>50=90°

=> 304+20=90°

=>20=90°-30

—> Sin 26 = sin (90°-30)

=> Sin 26=cos 36

=> 25in0.cosd =4c0s30 - 3cosO

=> 2sinf.cosf= cos0(4cos?0-3)

=> 2sin0=(4cos20-3)

=> 25in0=4(1-sin?0)-3=4-4sin20-3=1-4sin?0

=> 2sinf=1-4sin?0

=> 2sin0+4sin%0-1=0

=>4sin%0+2sin0-1=0

_px.[p2_
AX2+ bx +C =0 X= b+./b?—4.a.(c)

2.a
A=4b=2.c=-1
.~ —2F22-44.(-1) _-2F20 _ —2F2V5 _ —1FV5
Sind 2.4 T 24 T 24 4
Sin 180 =—1HY5
4

Therefore Sin 18°:#§ (‘sin 18 is always +ve)

Cos18°, sin 36°, cos36°

If sin@ + cosec 6 = 2 . how that sin"@ + cosec"0 = 2 for all positive integers n.
sinO + cosec 6 =2



. Sin
sin%0 +1 =2 sind
sin%0-2 sin6+1=0
Sin%0-2 * 1*sinf + 1=0

. 1
sinf + 5 =2

(sind-1)2 = 0

Sinf =1, cosec 6=1
sin"@ + cosec™=1"+1"=1+1=2

Find the maximum value of 3 sinx +4 cos x ?

3 sinx +4 cos X 3 cosx +4 sinx

Lect 3= rcosf , 4 =rsinf Lect 3= rsinf, 4 =r cosb

r cosO sinx +r sinf cos x r sinb cos x+ r cos0 sinx
r(sin X. cos O +cos x . sin 0)

r(sin( x+0))

32+ 42 =r?c0s? 0 +r’ sin’ 0

9+16= r?(cos? 6+ sin? 9) =r1.1

25=r?

r=+5,-5

maximum value of 3 sinx +4 cos X is 5
minimum value of 3 sinx +4 cos X is -5

Some important rule
1. Sin(A+B)=sinA.cosB+cosA.sinB

2. Sin(A-B)= sinA.cosB-cosA.sinB
3. Cos(A+B)= cosA.cosB-sinA.sinB
4. Cos(A-B)= cosA.cosB+sinA.sinB
5. Sin2A=sin(A+A)= sinA.cosA+CcosA.sinA= 2sinA.cosA
6. Co0s2A=cos(A+A)= cosA.cosA-sinA.sinA= cos?A — sin?A
7. Sin3A=3sinA-4sin3A
A
8. Sin2A = 2104 SinA=——z_
1+ tan<A 1+ tanZE
24
9. Cos2A =1-tawA Cos A =— ZZ:;

10. Cos 2A = cos?A — sin®A = 1 — sin?A — sin?A= 1-2sin?A
1-2sin2%A = cos 2A

1- Cos2A =2sin?A 1+Co0s2A =2cos?A
- 1 — cos2A
Sin“A = —

11. Sin A= 1—cos2A Sinﬁz 1—cosA
2 2 \’ 2
12. COS A= ’1+c;)sZA COS ;: ,1+czosA




1—cos2A A 1—cosA
tan— =
14+cos2A 2 1+cosA
. . . C+D C-D
14. Sin C + Sin D= 2sin — - COS——
C-D
2
C-D
2
D-C
2

13. Tan A=

15. Sin C - Sin D=2cos %.sin
16. Cos C + Cos D=2cos %. cos

17. Cos C - Cos D =2sin %.sin

PROBLEM, :- If A+B+C=nr then prove that(PROVE THAT IN A TRIANGLE)
Sin 2A+sin 2B+sin 2C=4 sinA.sinB.sinC

Proof:-

L.H.S

Sin 2A+Sin 2B+Sin 2C

=2sin 2228 cos ZA;ZB + 2 sinC. CosC

=2 Sin (A+B).cos(A-B)+2 SinC.cosC

[given A+B+C=n => A+B=-C]

=2 sin(n-C). (cosA.cosB+sinA.sinB)+ 2 SinC.cosC

=2 sin C. (cosA.cosB+sinA.sinB)+ 2 SinC.cosC

=2 SinC.CosA.cosB+2SinC.sinA.sinB+ 2 SinC.cosC

=2 SinC.CosA.cosB+ 2 SinC.cosC+2.sinA.sinB. SinC
=2sinC[cosA.cosB+cosC]+2sinA.sinB.sinC
=2sinC[cosA.cosB+cos([n-(A+B) )]+ 2sinA.sinB.sinC
=2sinC[cosA.cosB-Cos(A+B)]+ 2sinA.sinB.sinC
=2sinC[cosA.cosB-(cosA.cosB-sinA.sinB)]+ 2sinA.sinB.sinC
=2sinC[cosA.cosB-cosA.cosB+sinA.sinB]+ 2sinA.sinB.sinC
=2sinC.sinA.sinB+ 2sinA.sinB.sinC
=2sinA.sinB.sinC+2sinA.sinB.sinC

=4sinA.sinB.sinC

h.w-PROBLEM, :- If A+B+C=n then prove that(PROVE THAT IN A TRIANGLE)
COS2A+c0s 2B+cos 2C+1 = - 4 cosA.cos B.cos C



Show that the equation sin@ = a + % does not have a solution for every real number a #
0

a’+1
a

sin@ =

If a=0
Then sin@ = 1 we have solution for this .
Suppose a= 0

... a’+1
For any positive value a—— > 1
a?+1

For any negative value a — < -1
But we know range of sin6 is [-1 1] so for any value
siné =a +% does not have a solution for every real number a # 0

Find the maximum value of 5sinx +12 cos X
Lect 5= rcosO, 12 =r sind

1 cos0 sinx +r sinf cos x

r(sin X. cos 6 +cos x . sin 0)
r(sin( x+0))

52 + 122 = r? cos® 0 +r? sin® 0
25+144= r?(cos? 6+ sin® 0) = 2.1
169=r?

r=13,-13

Find the maximum value of 5sinx +12 cos X is 13
2+3sinx+4cosx

3 sinx +4 cos X

Lect 3= rcosO , 4 =r sinf

2+r cosO sinx +r sinf cos x
2-+r(sin X. cos 0 +cos X . sin 0)
2-+r(sin( x+0))

32 + 4% = r? cos? 0 +r? sin® 0
9+16= r’(cos? 6+ sin? 0) =r>.1
25=r?

R=5,-5

Maximum value= 2+5=7
Minimum value= 2-5= -3

Find the maximum value of 3sinx+4cosx-2

3sinx+4cosx-2

3 sinx +4 cos X -2

Lect 3= rcosf , 4 =rsinf

r cosO sinx +r sinf cos x-2
r(sin x. cos 6 +cos x . sin 0)-2
r(sin( x+0))-2

32 + 4% = 1?2 cos? 0 +r? sin® 0
9+16= r?(cos? 6+ sin® 0) =r1.1
25=r?



R=5,-5

Maximum value= 5-2=3

Minimum value= -5-2= -7

Q-Find the maximum value of 2-3sinx-4cosx

2-3sinx-4cosx

2-3 sinx -4 cos X

Lect 3= rcosO , 4 =r sinf
2-r cosb sinx -r sind cos x
2-1(sin X. cos 0 +cos x . sin 0)
2-r(sin( x+0))

32+ 42=r?c0s? 0 +r’ sin’ 0
9+16= r?(cos? 6+ sin? 0) =r.1
25=1r2

R=5,-5

Minimum value= 2-5= -3
Maximum value= 2-(-5)=7



INVERSE TRIGNOMETRIC FUNCTION:

F:A—B then f"1:B—A
Sin:R—[-1,1] sin~1:[-1,1]—R

Sin(sin™1x) = x sin~!(sinx) = x sin™1(1) = sin~1(sin90) = 90°
cos(cos™1x) =x cos™1(cosx) = x
-1 -1 -1(1 -1 —an0
tan(tan™'x) = x tan*(tanx) = x tan (ﬁ) = tan*(tan30)=30
sec (sec™'x) =x sec (secx) =x  sec™'(2) = sec l(sec60) = 60°
cosec(cosec™1x) = x cosec”(cosec x) = x
cot (cot™x) = x cot™(cotx) = x
cosec™lx = sin‘l(i) x>, sin"i(x) = cosec‘l(i)
secTlx = cos"l(i) [x[>1 sec‘l(i) = cos™1(x)
cot™tx = tan”1(2), x>0 cot™(3) = tan”(x), x>0
cot7lx=m+ tan‘l(i), x<0 cot‘l(i) =1 + tan"1(x), x<0

sinlx + cos7lx = g , x€[-1,1]

tan™lx + cot™x = g , XER
sec x + cosec™lx = g , X€(-00,-1]U[ 1,00)
e

tan™lx + tan"ly = tan™! % if xy <1

< nt+tan™?! % if xy >1, x>0, y>0




- wrtan~t 22X if xy >1, X<0, y<0
1-xy
tan"1x — tan~ly = tan~ 1 —2 if x>0,y>0
1+xy

problem 1 : tan‘l(%) + tan‘l(g)
[x=1/2,y=1/3=>  xy=1/6<1]

5
= tan‘l%) =tan~'1=tan"!(tan E) =n/4
6

_1 O*Q
1-0)G)

—

Problem 2: Find the value of cos tan~! cot cos™! (?)?

cos tan~! cot cos™?! (g)
=cos tan~! cot cos™?! (cos g)
= cos tan™?! cot 30°

=cos tan™! V3

=cos tan~! (tan 60°)
=c0s60°

=1/2

— -1 3 _n
-sin~"—=+cos ' — =7
Q \/5 T V10

-1

. 1 : 1 T[ : 1
sin"*x+cosT y=sin""x+ (E —sin”™y)

:g +sin"tx —sin"ly = g+sin‘1(x\/1 —y2 —yV1 —x?)

T
sin"lx + cos7ly = E+sin‘1(x\/ 1—y2—yyJ1—x2)

"11+ 13 7T+"1(1 1 3 1 L
sSiIn ~——+ C0S ~— = —+SIn —_ N — -
E V10~ 2 sy vio Yy Vs

+ 1(1 1) _1(1 1 3 2 TL'+ L
=3 sin - = =— —*————=%—) == +sin
Vs 10 \/10 5 V5 V10 V10 V5 2

T - 1 . n T T
==+ sin 1(——)=—+sm 1(sm(—— =——==
2 4 2 4

2 4



Q-4 cos ! x + sin~1 x = r what is the value of x
4cos x+sin"lx=m

22 coslx+sin"lx=m

2.cos71(2x? = 1) +sin"lx=n

cosT1(2(2x2 - 1)2—1) +sin"lx=n

T
cosT1(22x* -1 -1+ 5~ coslx=m

T T
cos™1(2(2x2—1)2—-1) —cos lx=m— 5=3

Q-Find sec?(tan~12) + cosec?(cot™13)
sec?(tan™! 2) + cosec?(cot™1 3)

=1+ tan?(tan™! 2) + 1 + cot?(cot™1 3)
=1+ (tan(tan"12))%2 + 1 + (cot(cot™1 3))?
=1+224+32=1444+1+9=15

tan’x = (tanx)?

If tan~12 and tan~13 are two angle of a triangle then third angle=?

tan 12 + tan~13 4 tan"1x = 180°

tan~ 1 (Z3EE - 1800
24+3+x—-6x=0
5-5x=0,x=1

tan~11 = 45°



Co-ordinate geometry in two dimensions

Cartesian product:-
A & B are two sets then their AXB is the order pair (x,y) such that x€A & y€B.

AXB={(x,y): x€EA,yEB}.
Y-axis T
(_I+) (+)+)
(_I_) (+I_) X-axis=>
Distance formula:-
(x1,¥1) (2, y2)

Let P(xy,y1) & Q(x,,y,) aretwo points on the co-ordinate geometry. Then their distance can be
calculated as follows

d= /(2 — x1)% + (y2 — ¥1)?

ex:- distance between (3,5) & (2,1)

x1=3,y1=5,%=2y,=1

d=/(2-3)2+ (1 -5)2=/(-1)2 + (—4)?=V1 + 16= V17

ex:- find the distance between two points (-1,1) and (3,3);

d=/(3— (-1)2 + 3 — 1)2=/(4)? + (2)2=V16 + 4= 20

:- find the distance between two points(2,0) and (-3,7)

d=/(=3 = 2)2 + (7 — 0)2=\/(=5)% + (7)2=V25 + 49=74

Division Formula (Internal):-

Suppose P(x,y) intersects the line segment joining the points (x4, y;) & (x,,y,) internally in the ration
m:n then the co-ordinate of (X,y) is

- mxp,+nxq and y: my,+nyq
m+n m+n
Ex- find the point which intersects the line segment joining the points (5,4) and (2,1) internally in

the ration 2:1?

Sol-herex; =5 x,=2 y;=4y, =1m=2,n=1

Therefore by internal division formula

The point P(x,y) which intersects the line segment joining the points (3,4) and (2,1) is




_ my;+ny
and y=—2—%
m+n m+n

_2%24+1«5 | 2x1+1x4
241 7 2+1
x=9/3 ; y=6/3=2
Therefore the point is (3,2)
Division Formula (External):-
Suppose P(x,y) intersects the line segment joining the points (x;, y;) & (x5, y,) externally in the ration
m:n then the co-ordinate of (X,y) is

- mx,—nx, and y: my,—nyq

m-—-n m-—-n

_ mx+nxq
X_ —_———

Ex- find the point which intersects the line segment joining the points (3,4) and (2,1) externally in
the ration 2:1

here x; =3 x,=2 y;,=4y, = 1m=2,n=1
_ 2%2—1%3 nd v= 2x1—1%4

=g andy=—

x=1/1=1y=(2-4)/1=-2

*** Suppose P(x,y) bisects the line segment joining the points (x;,y;) & (x,,y,) then the co-ordinate
of (x,y) is
Xo+X1

2

V2tY1
2

X= and y=

Area of Triangle:-

Suppose ABC is a triangle with A (x4, v1); B (x2,y2) & C (x3,y3) are the vertices. Then the area of the

triangle ABC is
1 1 1

:% X1 X2 X3

Vi Y2 Y3

Ex:- find the area of the triangle whose vertices are (0,1), (1,0) and (1,1)

Solution- Let ABC is the triangle with vertices as A(0,1), B(1,0) and C(1,1) then the its area is

A

1 1 1
A=—{0 1 1|= 3 [1(1-0)-1(0-1)+1(0-1)] = (1+1-1)= sq. unit

1 0 1
If the area of triangle ABC is zero then the points A (x4, y1); B (x2,¥2) & C (x3,y3) are
collinear.

1.h.w= Find the area of the triangle whose vertices are (0,0) , (2,0) and (5,0)
2.find the mid point of line joining (2,3) and (4,5)

Slope of a line:-

Suppose a line L makes an angle 6 with respects to X-axis.

Then the slope of L is the tan6. Slope of /
a line is denoted by m. here 0 is the angle of P:
inclination. \

ex:- let angle of inclination of the line L is 60°. Then what is /



it slope.
Here 6=60° therefore slope, m=tan 60°=\3

H.W- Find the slope of line whose angle of inclination is
i) 45° (m=1) ii)30° (m= 13 ) iii) 120°(m=-\3)
i) Find the angle of inclination of the line whose slope is
)1 (0=45° ) ii) V3 (0=60°) iii)1/43 (0 =30° )

Angle between two lines:-

Suppose L; & L, are two lines with slope
m, & m, respectively. Then the angle
between two line L, & L, is

0 = tan~1(——"2)

1+m1m2

Ex:-find the angle between two lines whose slopes

arel & 0.
0 = tan~1(——"2)

1+m1m2

@ = tan~L(—>) = tan~11= tan~1(tan45°) = 45° =n/4
1+1%0

mp;—m; _
1+m1m2

=m; —m, = 0 m; = m, parallel

mi—m; _1

1+m1m2_6

0=1+mym,

mym, = —1 perpendicular

Suppose L; & L, are two lines with slope m,; & m, respectively then
) Ly||L, <> m; = m, (condition of Parallelism)

iv)0(0 =0°)

Y-axis T

ﬂ

Ly

/.

i) L L Lyomm,=—-1=>m, = —mi (condition of Perpendicularity)
2

Ex:- if L, & L, are two lines with slopes 1 & -1 then what you can tell about L; & L.

mm,=1x—-1=-1=>[L,11L,

X-axis >




Slope of a line which passes through two given points (x4, v41) & (x5,V5)

(1, Y1) (Xz, yZ)

_Y2=)1
EX:- suppose a line passes through (1,2) and (2,3) then find it’s slope.
2

m=2"2 = === 1/1 =1

3_
X2—X1 2-1

it’s angle of inclination is 45°

Equation of a straight line:- Y-axisT ]
1. Slope intercept form:- .
Equation of a line with slope m and y-intercept

as ¢ is y=mx+c \
m=2 c=4 X-axis >

y=2x+4

ex:- find the equation of a line with slope 1 and Y-intercept as 3.
y=Xx+3

2. Slope Point form:-
Equation of a line with slope m and which passes
through (x4, y1) I1SY-y1 = m(x — x1) N

Y-axis’l‘ (xl, yl)

Ex:- Find the equation of a line with slope 1
and passes through (2,3)

x1 = 2,y1:3 m:].
y-3=1(x-2) \ X-axis >

y-3 =X -2
y-X-1=0
y=x+1
3.
4. Two Point form:-
Equation of a line which passes through \

(x1,¥1) & (x2,¥2) is Y-axis

—Y2=Y1 .,
Y-y1= p—11 (X-x1)

(X2, ¥2)

(X1, Y1)

Ex:- Find the equation of a line which passes through \

X-axis >

(-1,2) and (2,3)
x1 = —1y1=2 x3,= 2,y,=3




3-2

y-2=3""5 (x— (1)
y-2=2= (x + 1)
y-2=2 (x +1)
3(y-2)=x+1
3y-6=x+1
3y-x-7=0
3y=x+7

7

1
Y=< x+=
373

4. Intercept form:-
Equation of a line with X-intercept and
Y-intercept as a & b respectively is

XLy _
a+b 1

Ex:- find the equation of a line with 2 as X-intercept,

3 as Y-intercept.
Ans- a=2,b=3
T A

2 3

3x+2y-6=0

5. Normal (Perpendicular) Form:-

The equation of a line L which is at a
distance d from the origin.
X cos oty sin a=d, d=|OP|

Ex:- find the equation of line which is

at a distance 4 from origin and makes an
angle 135° with respect to X-axis.

Here 0=45°;d=4

Therefore equation of line x cos 45°+ y sin 45°=4
1

U

Y-axis T

\x

Y-axis T

=>X—+y\/i§=4=>\/%(x+y)=4=>x+y=4\/2

V2

»
»

X-axis >



Q-reduce x + V3 y + 8 = 0 to normal form of equation of straight line.
General form of eq of a line ax+by+c=0.

Normal form xcosa + y sina —p = 0
We know by comparing these two equation we get
a b —c

——x+ =
Vaz+b2  VaZ+b? aZ+b?

x+\/§y+8=0herea=1,b=\/§,c=8

So equation in normal form will be

1 V3 -8
X+ y =
J12 +V3 \/12+\/§2 4/12+\/§2
1 +v§ _ 8
2TV T2
T " T — 4
COSSX COS6y—

Ex-find the equation of the line with normal of length 4 unit and inclined with an

angle 60°

oc=60°, p= 4

X COSX +Y sin & =p
Xc0s60°+ ysoin 60° =4

XG)yED)=4
x+V/3y =8

General form of a Equation of a line

axtby+c=0

by+c= -ax

by= -ax-c
-a

y=— x - % ,(slope)m= %1 C(y intercept)= —

c
b

ex- Find slope and y-intercept of the equation 2x+3y+8=0
2x+3y+8=0
3y=-2x-8

()



ne=(-

Ex-Find angle of inclination of the equation 2x+3y+8=0

2x+3y+8=0
3y=-2x-8
8

v=5 -+ (=)

-2 -2
m=— tan0=—
3 3

Oztan_l(_?z)

Ex-Find angle of inclination of the equation 2x-2y+8=0

2Xx-2y+8=0
-2y= -2X-8

2
v=5 2+ 5)
y:X+4
m=1, tan6=1
f=tan~! 1= 45°

1. find the equation of a line which passes through (@;=1) and having iclination 150°

What u think:-
What to do What is given Thinking’s
Find Equation of a Passes through (1,-1) 1. Slope-intercept form
line 2

3. Two point form
4. Intercept form
5. Normal form

Angle of inclination 150°

Slope = tan 0

_ 1

Slope = tan 150°= -—

Find the equation of line passing through (1,-2

V3
) and having Y -intercept as 2.

Thinking’s

What to do What is given
Find Equation of a Passes through (1,-2)
line

5. Normal form

Y-intercept:-2

As it has 2 as Y-intercept. Hence the line passes

through point (0,2).




PROBLEM ON THESE CONCEPT DISCUSSED EARLIER

_1,mqi—m
0=tan 1(%)

my = m, parallel

mym, = —1 perpendicular

EX- Find angle between two lines x+y+6=0 and 2x-y+3=0

Slope of the line x+y+6=0 is

y=-x-6,
mi=-1
slope of the line 2x-y+3=0
y=2Xx+3
mp= 2
— —1(M1—Mo
0=tan (1+m1m2)
— —1(_—172
0=tan (1+(—1).2)
0= tan_l(:—i)
0 =tan1(3)

Ex- find the line perpendicular to x+y+2=0 whose y-intercept is 3
let the equation of the line perpendicular to x+y+2=0 is
y=mx+c

given c=3

y=mx+3

since two lines are perpendicular then product of their slope is -1
slope of x+y+2=0 is -1

(y=-x-2)

m.(-1)=-1

m=-1/-1=1

so equation of the line is y=x+3

x-y+3=0 (ans)

Ex- find the line parallel to x+y+2=0 whose y-intercept is 3

let the equation of the line parallel to x+y+2=0 is
y=mx+c

given c=3

y=mx+3

if two lines are parallel the slope are equal to each other
Then slope of the line x+y+2=0(y=-x-2) is -1

so equation of the line is y=-x+3



x+y-3=0 (ans)

Ex- check whether these two lines are perpendicular or parallel to each other.
X+2y+3=0 ,2x+4y+1=0

slope of the line x+2y+3=0 is m1= _71

2y=-x-3

-1 3
Y=-"x -2
2 2

slope of the line 2x+4y+1=0 is my= _71
4y=-2x-1

=2 1
=T a
mi=my
so these two lines are parallel

ex- check whether these two lines are perpendicular or parallel to each other.
X+2y+3=0 ,4x-2y+1=0

. N _1 _ —1yMm1—m;
slope of the line x+2y+3=0 is mi= > 0 =tan (—1+m1m2)
-1
—-2
=-X- — -1/_2
2y=-x-3 0 =tan (H_71 _2)
-5
Y= -_71x - ; 0= tan_l(%): tan~1(0)=90°
slope of the line 4x-2y+1=0 is my= 2
2y=4x+1
4 1
y= Ex + >

-1
M1.M2= —. 2=-1
so these two lines are perpendicular

Condition for coincidence of lines
a1X+b1y+c1=0
a2X+b2y+c2=0

@ _b_a

a, b, ¢

Ex 2x+3y+6=0
4x+6y+12=0

N =

6_
12



Equation of a line passing through a point and narallel gr perpendicular to a line
A

Y-axis T
Find the equation a line L
which passes through \
(x4,v,) and parallel to L1 L
1
The equation of L, is y= mx+c L

Slopeof L, =m

AsL| Ly X-axis -

Therefore slope of L=m (x1,¥1) \

As L passes through (x4, y1) and having slope m therefore gquation of line L in slope psint form is y-
v
Y11= M(X-x1)

Ex- find equation of a line which passes through a point(4,3) and parallel to the line
2X-3y+5=0

Ans- passing through a poin (x1,y1)=(4,3)

Line is parallel to 2x-3y+5=0 so slope will be equal to the slope of the given line.

Slope of 2x-3y+5=0 (2x-3y+k=0
3y=2x+5 2.4-3.3+k=0
Y=2x+2 8-9+k=0
3 3
m = k=1, 2x-3y+1=0)
so equation of the line passing through (4,3) and slopeg
y-y1= M(X-x1)
isy-3= % (x-4)
3(y-3)=2(x-4)
3y-9=2x-8

2x-3y+1=0

v



Equation of line passing through a point and perpendicular to a line:-

Suppose L is a line
Which passes through
(x4, y1) and perpendicular

To the line L:y=mx+c

Y-axis T

We know that if two

Lines are perpendicular

Then the multiplication of

Their slopes is -1.

Therefore slope of L X slope of L L
is -1.

Slope of L=-1/m

Equation of line passing through

(%1, ¥1) and having -1/m as slope is

Y-y1 = _i(x —Xp)

(Xl, yl)

A

p.

X-axis >

Ex- find equation of a line which passes through a point(4,3) and perpendicular to

the line 2x-3y+5=0
Ans- passing through a poin (x1,y1)=(4,3)

Line is perpendicular to 2x-3y+5=0 so slope will be equal to -1/slope of the given line.

Slope of 2x-3y+5=0
3y=2x+5

Y=2x 42

3 3

m =§ slope of the line perpendicular to it= ‘73

so equation of the line passing through (4,3) and slope _73

isy-3= _73(x-4)

2(y-3)=-3(x-4)

2y-6=-3x+12
3x+2y-18=0(ans)eq of the line

v



Equation of a line passing through intersection of two lines

If a line passing through intersection of two lines Ly and L> (GIVEN)
Then the equation of the line is L1 + kL>=0

Obtaion equation of the line passing through the intersection of
3x-2y+7=0, x+3y+3=0 and point (1, -1)

Ans- equation of the line 3x-2y+7+k(x+3y+3)=0
3.1-2(-1)+7+k(1+3(-1)+3)=0
3+2+7+k(1-3+3)=0
12+k=0
K=-12

So equation of the line is 3x-2y+7+k(x+3y+3)=0
3X-2y+7-12(x+3y+3)=0
3X-2y+7-12x-36y-36=0
-9x-38y+29=0
9x+38y-29=0(ans)

Perpendicular Distance of the point from a line

XY

o »
<

Let d be the distance fron{ the point (x1,y1) to the line ax+by+c=0

axq+by+c

va2+b?

Ex- Find the length of the perpendicular drawn from the point (-5,3) to the line
3x+4y-6=0

X1=-5 yi= 3
a=3, b=4,c=-6



_lax;+by;+c
va2+b?

d= |3( 5)+4(3)— 6|
V32442

15+12-6

===

[ [=5 @)
If the area of triangle ABC is zero then the points A (x1,y1); B (x2,¥2) & C (x3,y3) are
collinear.

Condition for coincidence of lines
.a1X+b1y+c1=0
a2X+hboy+co=0

a; by ¢
a, b, ¢

Ex 2x+3y+6=0
4x+6y+12=0

6_
12

N |-



CIRCLE

Circle:- A circle is the locus of points which are equidistancefrom F N
a fixed point. '
Here the fixed point is the centre of the circle and

\

The fixed distance is called as the radius of the circle. g E% centre of the circle and OA is
Chord of a circle:- The line segment joining any two pointson
the circumference of the circle is called as the chord. A C

Here in the diagram CD is the chord.
Diameter:-The chord which passes through the centre of the circle is called as thediameter.
Here EF is the diameter.
Equation of the circle:-
The equation the circle, whose centre is at (h,k) and theradius is r, is A
(x —h? +(y — k)* = r?
If the centre is the origin i.e (0,0) then the equation of theCircle
isx? +y* =12
Ex:- find the equation of the circle whose centre is at (2,3)and
radius is 4.
Solution:-
Here the centre of the circle is at (2,3)Radius r =
4
Therefore the equation of circle is (x — 2)? + (y — 3)? = 42
=>x2+4-2x+y*+9 -6y =16
=>x2+y?-2x—-6y—3=0
Ex:- find the equation of the circle whose centre is at (-1,4) and radius is 3

Solution:- Here the centre of the circle is at (-1,4)
Radiusr=3
Therefore the equation of circle is (x — (—1))? + (y — 4)? = 32
=> (x+ 17 +(y -4 =3
=>x2+1+2x+y>+16—-8y =9
=>x2+1y°+2x—8y—-8=0
find the equation of the circle whose centre is at origin and radius is 1H. W

Equation of a circle passing through three points

Example- Find Equation of a circle which passes through (0,0)(1,0)(0,1)?
Ans-

We know equation of a circle
X2+y?+2gx+2fy+c=0

As circle passes through (0,0)
02+02+29.0+2f.0+c=0
C=0-------- 1)

As circle passes through (1,0)
12+0%+29.1+2f.0+c=0
1+2g+C=0-------- 2

As circle passes through (0,1)



0%+12+29.0+2f.1+c=0
1+2f+C=0-------- (3)
Now we will solve these three equation

1+2g+C=0-------- 2)
1+2f+C=0-------- (3)

Putting c= 0 in eq- 2 we get
1+2g=0

29=-1

-1

9=

Putting c= 0 in eg- 3 we get
1+2f=0

2f=-1

_—1
=

Wegetg:_?l,fz _71,0:0
so equation of the circle is
X2+y?+2gx+2fy+c=0
X2y?+2. —x+2—y+0 =0

X?+y?-x-y=0(ans)



Three dimensional geometry

Distance between two points (x1y1.z1) and (X2 V2.22)

d=y/(xy = 21)2 + (v2 — y1)% + (22 — 21)?
ex- Find distance between two points (1,2,4) and (-5,6,7)?

Ans- we know distance between two points is

d:\/(xz —x1)2+ (V2 —y1)? + (2, — z,)?

here (X1,y1,21)= (1,2,4) (X2,y2.22,)= (-5,6,7)

d=y (=5 — 12 + (6 — 2)% + (7 — 4)2

d=v36 + 16 + 9=v61

Ex- Find distance between two points (1,-2,4) and (-1,3,1)?

Ans- we know distance between two points is

d=y/(xz — x1)% + (v — ¥1)? + (22 — 21)?

here (x1,y1,21)= (1,2,4) (X2,y2,.22)= ()

d=/(-1—-1)2+ 3 - (-2))2+ (1 —4)2



4=\ ¥ 25 7 9=V38

section formula

=

QO (x5, 5, 2,)

n
R (x,y,2)

m

Px,».2)

if a point (x,y,z) divide the line sement joining two points (X1,y1,21) and (X2,y2,z2,) in m:n ratio internally

then the point (X,y,z)= (mx2+"x1 ez tnys , mZz+nzl)

m+n m+n m+n

if a point (x,y,z) divide the line sement joining two points (X1,y1,21) and (X2,y2z2,) in m:n ratio externally

then the point (X,y,z)= (me—nxl myzmny; mzz—nzl)

m-—-n m-—-n m-—-n

Ex- Find the coordinates of the points that divide the line segment joining the
points (2,3-2) and (6,32) internally in the ratio 3:1?

Ans-

(2) 3) _2) 3? (6) 3) 2)

We know if a point (x,y,z) divide the line sement joining two points (X1,y1.z1) and (X2,y2.z2) in m:n ratio
internally

then the point (X,y,z)= (m"2+"x1 [y +ny, ’ mZz+nzl)

m+n m+n m+n

here(x1,y1,21)=(2,3,-2) (X2,y2,22)=(6,3,2) m=3 n=1

3.6+1.2 3.3+1.3 3.2+1.-2 20 12 4
) =323 =631
3+1 3+1 3+1 4 4 4

y2)= (

J J



Find the ratio in which the point (9,~11,1) divides the line segment joining the
points (1,5,-3) and (3,1,-2).

9,-11,1)K:1
(1) 5) _3) ﬂ ) (3, 1, _2)

We know if a point (x,y,z) divide the line sement joining two points (X1y1,z1) and (X2,y2,22,) in m:n ratio
internally

mx,+nx, my,+ny; mz, +nzl)
) )

m+n m+n m+n

then the point (X,y,z)= (

here(x1,y1,21)=(1,5,-3) (X2,y2,22)=(3,1,—2) m=k n=1

_ k.3+1.1 k.1+1.5 k.—2+1.-3 _
(x,y,z)—( k+1 ’ k+1 °  k+1 )_
(3k+1 k+5 —2k—3)_ 9 —111
k+1'k+1 k+1 =0 2
3k+1
=9

k+1
3k+1=9(k+1)

3k+1=9k+9

6k+8=0
. 8 4
6 3

Therefore the point divides the line in a ratio 4:3 externally.

Centroid of a triangle:

(X1+X2+X3 y1+y2 +y3 Zl+ZZ +Z3)
3 ’ 3 ’ 3

Mid point formula

Midpoint(x,y,z) of the line segment joining two points (X1,y1,z1) and (X2,y2.22) is

_ [ X2tXy1 YatYy1 Zzt+Zy
(x,y,z)—( 2 ' 2 7 2 )

Question- What is the midpoint of the line joining the points (-3,4,7) and (9,0,3)?

Ans- Midpoint(x,y,z) of the line segment joining two points (x1y1,21)=(-3,4,7) and (X2,y2,22)=(9,0,3) is



- (2222 < (1 2) - 029

DIRECTION COSINE AND DIRECTION RATIO

Z
P(x,y,2)
(e Y
(‘\
0
X

I= cos «
M= CoS g
n=cos Y

(I,m,n) is direction cosine of OP.
Let a,b,c be direction ratio of a line and and I.m,n be direction cosine then

I m n
=2k

a_; - c

I=ak,m=bk,n=ck

I? + m? + n?=1(proof not in syllabus)
a’k? + b?k? + c*k?*=1

k2(a? + b? + ¢?)=1 k=—n

vaZ2+b2+c?

[ —ak=—2—
vaZ+b2+c?

m= bk=—2

vaz+b2+c?

c
va2+bZ+c?
direction ration of a line joining two points (X1,y1,21)(X2,y2,22) is
(X2- X1, Y2- Y1, Z2- 71)

n=ck=

EX- IF A LINE has direction ratio 2,-1.-2 . determine its direction cosine
Given a=2,b=-1,c=-2

l = a = 2 :i:E
JaZ+bZ+e? 22+(-1)%+(-2)2 V9 3
me—=~>___ — 1 11
JaZ+b2+c2  J2Z+(-1D%+(-2)2 V9

_ c _ -2 -2_-2
: T a2 ib21? JZ2EA24(2)2 VO 3
ex- Find the direction cosines of the line passing through the two points (-2,4,-5) and(1,2,3)?
ans= direction ratio of the line joining the two points (-2,4,-5) and(1,2,3) is( 1-(-2), 2-4 ,3- (-5) )
=(3,-2,8)
This means (a,b,c)=(3,-2,8)




a 3 3

T2+ +c2 \32+(-2)2+(8)2 V77

_ b _ -2 -2
“Vatbir? | 3Z+(-2)2+(8)2 V77
c 8 8

N Taibine (3212 @2 V77

Ex- show that the points A(2,3,-4), B(1,-2,3) and C(3,8,-11) are collinear.
Ans- Direction ratios of line joining A and B are
1-2,-2-3, 3-(-4) that is -1,-5,7=(a; by, ¢;)
Direction ratios of line joining B and C are
3-1,8+2,-11-3 that is 2,10,-14=(a, b,, c,)
two lines are collinear if the ration of their direction ration is same

) b
thatis2=21=2
az by ¢

_S_7_1
2 10 -14 2
Angle between two lines
If two lines having direction ratio (a, by ¢,) and (ay, b,. c;) given or direction cosine

(ll'ml'nl) and (lz,mz. nz) given

cosO = L1, + mym, + nqn,

a,a, + b;b, + c;c,

cosO =

Jalz +b,° + clzJazz +b,” + ¢,?
Condition of parlallelism:

a1_b1_C1

a by ¢

h_m_m

l, m, mn,

Condition of perpendicularity
a1. a2 + ble + C]_CZ = O
ll' l2 + mlmz + nlnz = 0

Ex-find the acute angle between two lines whose direction ratios are 2,3,6 and 1,2,2
respectively.

Ans- here direction ratio is given so angle between two lines is
a,a, + b;b, + c;c,

cos0 =

\/alz +b,% + 612\/6122 +b,% + ¢?
Here a4, bl, 1= 2,3,6 a,, bz, Cyr = 1,2,2



21+32+6.2 20 20 20
V22+32+ 6212 +22+22 V4949 73 21

cosf =

0 = cos™t (%) (ans)

Ex- Find angle between the lines whose direction cosines are (?1 ﬁ) (

4’ 2 - —_\/5)

4,4’ 2
ans if we know the direction cosines then angle between two lines is

cosO = L1, + mym, + nqn,

V31 V3 V31 -3
Here b ma,my = (3,5) omame = (35.57)
V3 V3 11 3 V3 3 1 3 3+1-12 8 1
cos=—,—4+-. -4+ —=- — =4 ——C"= - _° __Z
474 4’4 2 2 16 16 4 16 16 2
1
cose=—5=cos120°

6 = 120°(ans)

PLANE

Equation of a plane
ax+by+cz+d=0

equation of xy plane z=0
equation of yz plane x=0
equation of zx plane y=0

equation of a plane through three non collinear points

suppose three non collinear points are (X1,y1,21), (X2,y2,22) (X3Y3,23)

then equation of the plane

X—X1 Y—=Y1 Z—Z;
X —=X1 Y2—Y1 Zz—Z|=0
X3 —X1 Ys—)V1 Z3— 73

Equation of plane in intercept form

<

x++Zl
a b ¢

ex- find the equation of the plane with intercepts 2,-1,5 on x,y,and z axis respectively

ans= we know equation of a plane having intercept a,b,c is

X Z
_+X+
a

=1
b ¢



5x—10y+2z—-10=0

Transformation of general equation of a plane to normal form

ax+by+cz+d=0

normal form Ix+my+nz-p=0

a b

-+ c -_

X+ + 7=
VaZ+b2+c? \/a2+b2+cZy VaZ+b?2+c? P

d
P=—=%
va2+b2+c?

ex- find direction cosine of the normal to the plane x-y+1=0

direction ratio (a,b,c) is (1,-1,0)

1 1

irection ines are I= ==
direction cosines are VaZ+b2+c?2  \[12+(-1)2+02 V2

b -1 -1

m= = —_— = —
VaZz+bZ+c2  \[12+(-1)2+02 V2

c 0
n= = =
VaZ+bZ+c2  \[12+(-1)2+02

Angle between two planes

a,a, + b;b, + c,c,
Jaz + b2 +c?\JaZ + b3 + c?

cosf =

Ex- find angle between the two planes 2x+2y-3z=5 and 3x-3y+5z=3

Ans= here (aq, by, ;) = (2,2,—3)(ay, by, c;) = (3,—3,5)

a1a2+b1b2+(:162 _ 23+2—3+(—3)5
V22+22+(-3)2,/32+(-3)2+52

We know cosf =
Javivet Jazenzect



_6-6-15 15

VI7Va3 V731

15
6 =cos™! ———
731

Distance of a point from a plane

Distance from a point(x;, y;,2z;)to alineax + by + cz+d =0

_|lax1+byi+czi+d

= e
Ex- find the distance from the point (2,-3,-1) to the plane 2x-3y+6z+7=0.

Ans-we know Distance from a point(x,, y;,z;)to a lineax + by + cz+d =0

d=

ax1+by1+czl+d|

here (xy, y1,21) = (2,-3,-1) a=2,b=-3,c=6

2.2+(=3)(=3)+6.(-1)+7| _

J22+(=3)%+62 ~ 1Va+9+36

g
7

d=

|4+9—6+7| _ 14

Equation of a plane parallel to another plane and passing through a point

If equation of a plane ax+by+cz+d=0 then equation of plane parallel to this and pass through the point
(%1, ¥1,21) I

ax + by + cz + k = 0-----eq-1
axl+by1+CZ1+k=0
K=?and putitineql

Ex- Find the equation of the plane which passes through the point (1,-1,4) and is parallel to the
plane 2x-3y+7z-11=0

Ans : the equation of plane parallel to 2x-3y+7z-11=0 is
2x-3y+7z+k=0------- (1)

But it is given that the plane passes through (1,-1,4)

So 2.1-3(-1)+7.4+k=0

2+3+28+k=0



K=-33
Now we will put k=-33 in eg-----(1)
2Xx-3y+72z-33=0

Therefore equation of the plane parallel to 2x-3y+7z-11=0 and passes through(1,-1,4) is2x-3y+7z-33=0

Equation of a plane perpendicular to another plane and passing through a point

If equation of a plane ax+by+cz+d=0 then equation of plane perpendicular to this and pass through the
point (x;, y1,2) is

a(x—x) +b(y—y)+c(z—2)=0

Ex- Find the equation of the plane which passes through (4,-2,1) and is perpendicular to the line
whose direction ratio are 7,2,-3

Ans-

Equation of the plane passes through (4,-2,1) is
a(x—x)+bly—y,)+c(z—2;) =0
alx—4)+b(y—(-2)+c(z—-1)=0

Here a=7,b=2,c=-3

7x—4)+2(y—-(-2))+(-3)z—-1D =0
7x—28+2y+4—-3z+3=0
7x+2y—3z—-21=0
Therefore 7x + 2y — 3z — 21 = 0 is the required equation of the plane.

Plane through the intersection of two given plane

If equation of the given plane are
Pirayx+byy+ciz+d; =0
Pyiax + b,y +cz+d, =0
Then the new plane will be

P, + kP, = 0, k is a constant.



Ex- Find the equation of the plane which is perpendicular to the plane 5x+3y+6z+8=0 and
contains the line of intersection of the planes x+2y+3z-4=0 &2x+y-z+5=0.

Ans- equation of the plane through the line of the intersection of the planes x+2y+3z-4=0 &2x+y-
z+5=0.is

(x+2y+3z-4)+k(2x+y-z+5)=0
(1+2K)x+(2+k)y+(3-k)z+(5k-4)=0--------- eg-1

Since the plane is perpendicular to 5x+3y+6z+8=0

So (1+2k)5+(2+k)3+(3-k)6=0 (by using perpendicular condition)
5+10k+6+3k+18-6k=0

7k+29=0

—-29
K="2
7

By putting k:_ng in eq----1 we get

-29

(1+2. 2+ 2+ ()Y +(3-()z+(5(— )-4)=0

(1 58) +(2 29) +(3+29) +5( 29) 4=0
7)* 7)Y 7 )% 7 =
51x + 15y — 50z + 173 =0

Therefore 51x + 15y — 50z + 173 = 0 is requried equation of the plane.



THE LOCOUS OF ALL THE POINT IN A SPACE WHICH ARE EQUIDISTANCE FROM A FIXED
POINT IS KNOWN AS A SPHERE.

The fixed point is known as centre of the sphere and the constant distance is known as radius of the
sphere.

Equation of a sphere whose centre at origin

(x—02+(@y—-02%+(z—-0)?=r?
x*+y2+z2=r?

General equation of a sphere

Equation of a sphere having centre at (a, b,c) is (x — a)?> + (y = b)? + (z — ¢)? = r?

x2+y?+z2+2ux+2vy+2wz+d =0

Where center of the sphere is (-u, —v, —w) and radius r = Vu? + v2 + w2 — d

Equation of a sphere having co-ordinates of end point of diameter (x41,v4,24) and (x5,V5,25)

x—x)x—x)+ @ —y)@—y2)+(z—2)(z—2) =0

Ex- Find the centre and radius of a sphere

4x% + 4y* + 4z —16x—24z+3 =0

Ans= We know general equation of a sphere is
x?+y? +2z% + 2ux + 2vy + 2wz + d = 0-----eq-1
Given equation of a sphere is

4x% + 4y% + 4z° — 16x —24z+3 =0
x2+y2+zz—4x—6z+%=0 ----- eq 2

x% +y*+ 2% + 2ux + 2vy + 2wz + d = 0-----eg-1
By copmparing eg-1 and eq-2

2u=—4 2v =0, 2w = —6 d:i

= —2’ = 0’ = —3’ d =
u v w 4

Centre of the sphere is (—u, —v, —w) = (2,0,3)
Radius of the sphereisr = Vu?2 + v2 + w2 —d

r=yJu?+v2+w?—d

= 2)2 402 + 323— 4+93—49—7
r= [(=2) (=3 -7 = 1 = 7 =3

Hence the centre is (2,0,3) and radius is 7/2 .




ex- Find the centre and radius of a sphere
x> +y*+z2—2x—4y—-6z—11=0

We know general equation of a sphere is
x%+y%+2z% + 2ux + 2vy + 2wz + d = 0-----eg-1
Given equation of a sphere is

x> +y*+2z*—2x—4y — 62— 11 = 0------- eq-2
x% +y*+z% + 2ux + 2vy + 2wz + d = 0---—-eg-1
By copmparing eg-1 and eq-2

2u=-2 2v=-4, 2w=-6 d=-11
u=-1, v=-2, w = -3, d=-11
Centre of the sphere is (—u, —v, —w) = (1,2,3)
Radius of the sphereisr = Vu?2 + v2 + w2 — d
r=Ju+v2+w?—d
r=J(1)2+(-2)2+(-3)2—(-11) = VI+4+9+11 =v25 =5
Hence the centre is (1,2,3)and radius is 5.

Ex- Find equation of the sphere on the join of (2,3,5) and (4,9,-3) as diameter.

Equation of a sphere having co-ordinates of end point of diameter (x;, y1,2,) and (x5, ¥, Z,)
x=—x)x—x)+ @ —y)@—y2)+(@—2)(z—-2,)=0

(x1,¥1,21) = (2,3,5)(x2,¥2,22) = (4,9,-3)
Equation of the sphere is

x=Dx-HD+@-3D@-9+(=-5E-(=3)=0

x2+y*+z2—6x—12y—2z+20=0

hence x* + y? + z? — 6x — 12y — 2z + 20 = 0 is the required equation of the sphere.

EQUATION OF A SPHERE PASSING THROUGH FOUR POINTS

EX- Find equation of a sphere which passes through the points (0,0,0), (1,0,0), (0,1,0) and (0,0,1)
Ans-

Let equation of the sphere be

x2+y%+ 2%+ 2ux + 2vy + 2wz + d = 0------- 1

Since (0,0,0) lies on eg-1

S00%2+0%240%+2u0+2v0+2w0+d =0

Since (0,1,0) lies on eq-1
02+12+4+02+2u.0+2v.1+2w.0+d =0
1+2v +d = 0------- eq3
Since (0,0,1) lies on eg-1
02+02+12+2u.0+2v.0+2w.1+d =0



1+2w +d = 0------- eqd
Since (1,0,0) lies on eq-1
12402 +0%24+2u.14+2v.0+2w.0+d =0

1+2u +d = 0------- egs
By solving eg-2 to eg-4 we will get
1 1 1

d= O,ll = —E,U = _E'W = —E

Now we get the equation of sphere by putting value of u,v,w and d in equation 1

x2+y?+z2+2ux+2vy+2wz+d =0

5 5 o 1 1 1
x“+y“+z +2<—§)x+2<—5)y+2(—§>2+0=O

x2+y*+z2—x—y—2z=0

EX-- Find equation of a sphere which passes through the points (1,0,0), (0,1,0) and (0,0,1) AND
WHOSE CENTRE LIES ON THE PLANE 3X-Y+Z=2
3(-u)-(-v)+(-w)=0

-3u+v-w=0

1+2w+d =0
1+2u+d=0
1+2v+d =0

Ex- Find the Equation of the sphere whose centre is on the point (1,2,3) and which touches the
plane 3x+2y+z+4=0

Ans=

Since the sphere touches the plane 3x+2y+z+4=0

Its radius = length of perpendicular from its centre (1,2,3) to the plane 3x+2y+z+4=0

3.14+2.2+1.3+4 14
Sl —_—_ | =—==414
V32422412 Vi

the required equation of the sphere is (x — 1)? + (y — 2)2 + (z — 3)? = Nivh
(x—12+(y—2)%+ (z—3)% = 14

x2+y2+22—-2x—4y—62=0



